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1 IN TRO D U CTIO N
At h igh  enough  e n e r g ie s  i t  i s  a p p a re n t th a t  th e  n u c le u s  
ought to  be  and  i s  w ell d e s c r ib e d  a s  a F e r m i  g as of in d ep en d en t 
p a r t i c le s .  A t lo w e r  e n e r g ie s  th e  s tu d y  of in d iv id u a l le v e ls  
b e c o m e s  p o s s ib le  and th e  p re d ic t io n  of t h e i r  p r o p e r t ie s  i s  in  
m any c a s e s  p o s s ib le  f ro m  s h e ll  m o d e l s tu d ie s .
d is tr ib u tio n  only  of le v e ls  i s  know n and i t  i s  c e r ta in ly  d if fe re n t 
in  i t s  b e h a v io u r  f ro m  th a t  of an  in f in ite  F e r m i  g a s .
F e r m i  gas in s te a d  of an  in f in ite  one a r e  su ff ic ie n t to  o v e rc o m e  
th e s e  d i s c r e p a n c ie s , and if  not w hat s o r t  of r e s id u a l  in te r a c t io n s  
m u s t be  p o s tu la te d ,  h a s  so m e  b e a r in g  on th e  s h e ll  m o d e l 
c a lc u la tio n s  a lr e a d y  m e n tio n e d .
le v e l d e n s i t ie s  in  n u c le i .  W o rk  of th is  ty p e  i s  e s s e n t ia l ,  a s  it  
h a s  b e e n  in  th e  f ie ld  of s u p e r c o n d u c to r s ,  to  la y  th e  g ro u n d  fo r  
m o re  ex ac t th e o r y .  In  C h a p te r  II th e  th e rm o d y n a m ic s  of a  
f in ite  c o lle c tio n  of p a r t i c l e s  h e ld  in  a  p o te n tia l  w ell i s  d e v e lo p e d , 
and  in  C h a p te r  IV is  m o d if ied  to  d e s c r ib e  tw o p o s s ib le  fo rm s  of 
r e s id u a l  in te r a c t io n s  b e tw e e n  th e  p a r t i c l e s .
b e  c o n s is te n t  w ith  th e  F e r m i  g as  t r e a tm e n t ,  and  in  C h a p te r  V ,
T h e re  i s  an  e n e rg y  re g io n  in  w hich  th e  s t a t i s t i c a l
W h e th e r  th e  t e r m s  in tro d u c e d  to  d e s c r ib e  a  f in ite
T h is  th e s i s  i s  an  a s s e s s m e n t  of th e  d a ta  ap p ly in g  to
In  C h a p te r  IV th e  h ig h  e n e rg y  n e u tro n  d a ta  i s  show n  to
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d e sp ite  r e p e a te d  c la im s  to  th e  c o n t r a r y ,  it  i s  found th a t  c h a rg e d  
p a r t ic le  d a ta  do not a s  y e t c o n tra d ic t  th e  m o d e l.
C h a p te r  VI g iv e s  a  t r e a tm e n t  of w hat a t th e  m o m en t i s  
th e  m o s t p ro m is in g  f ie ld  of d a ta , th a t  f ro m  th e  in e la s t ic  
s c a t te r in g  of n e u tro n s ,  a t h igh  enough e n e r g ie s  to  e n s u re  a 
co n tin u o u s  a p p ro x im a tio n  to  th e  n u c le a r  le v e l d e n s i ty , and  low  
enough to  av o id  c o m p e tin g  r e a c t io n s .  It s e e m s  w ise  to  u s e  
p a r a m e te r s  o b ta in e d  f ro m  th is  m a te r ia l  a s  a c c u ra te  in  o r d e r  
to  a n a ly s e  o th e r  e x p e r im e n ts  w h e re  th e  r e a c t io n  m e c h a n is m  m ay  
be o b s c u r e ,  o r  w h e re  th e r e  a r e  c o n s id e ra b le  C oulom b b a r r i e r  
e f fe c ts  w h ich  a r e  not a c c u ra te ly  know n. T h e  m o re  c o m p lic a te d  
a n a ly s is  of th e  le v e l  d e n s i t ie s  at th e  n e u tro n  b in d in g  e n e rg ie s  
f ro m  th e r m a l  n e u tro n  b o m b a rd m e n t and th e  tw o  n e u tro n  s p e c t r a  
f ro m  fo u r te e n  M eV n e u tro n s  a r e  a ls o  d is c u s s e d .
T he  r e s u l t s  of th e  d is c u s s io n s  in  p re c e d in g  c h a p te r s  
a r e  a s s e m b le d  in  C h a p te r  VII and c o n c lu s io n s  a r e  d raw n  f ro m
th e m .
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II. BASIC TH EO RY  O F IN D EPEN D EN T P A R T IC L E  M ODEL 
F O R  A N U CLEU S
II . 1 T h e rm o d y n a m ic s  and N u c le i
T he ra n g e  of e x p e r im e n ts  w hich s tu d y  in  d e ta i l  th e
p r o p e r t i e s  of an  in d iv id u a l le v e l in  a  n u c leu s  is  c o n s id e ra b le  and
c o n s ta n tly  b e in g  ex ten d e d . T h e re  a r e  h o w e v e r m any  e x p e r im e n ts
w hich  do not d is c lo s e  s e p a r a te  le v e ls  a t a l l .  Such e x p e r im e n ts
g ive  in fo rm a tio n  s o le ly  about th e  a v e ra g e  p r o p e r t ie s  of a  s e r i e s
of le v e ls  in  th e  ra n g e  of e n e rg y  s tu d ie d  and fo r  a  g iven  n u c le u s .
It i s  im p o r ta n t  in  d e s ig n  and  in te r p r e ta t io n  th a t th e s e  a v e ra g e
p r o p e r t i e s  sh o u ld  b e  p re d ic te d  in  a fo rm  su ita b le  fo r  c o m p a r is o n
w ith  th e  e x p e r im e n ts .
It i s  n a tu ra l  to  u s e  th e  th e o ry  a lre a d y  d ev e lo p ed  to  
d e a l w ith  a s im i la r  s i tu a t io n  - i . e .  , th e rm o d y n a m ic s  an d , in  
p a r t i c u la r ,  s t a t i s t i c a l  m e c h a n ic s . T h is  s tu d y  i s  a s s i s te d  by  
a b se n c e  of any p r e s s u r e  t e r m  in  th e  e q u a tio n s  of s ta te  of a s e t  
of n u c le i in  th e  la b o r a to r y .  T h is  le a d s  to  a  c o n s id e ra b le  s im p l i ­
f ic a tio n  in  th e  p o te n tia ls  r e q u i r e d  to  d e s c r ib e  th e  s y s te m s .  T h e  
e x c ita tio n  e n e rg y  i s  u s u a lly  g iven  th e  sy m b o l U . T he  te m p e r a tu r e  
t  and i t s  r e c i p r o c a l ^  , I^jg = t ,  e n te r  w ith  th e  f r e e  e n e rg y  
th ro u g h  th e  " s u m  o v e r  s t a t e s '1 
e - f F = ^ e - f V (1. 1)
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T he su m  i s  ta k e n  o v e r  a ll  p o s s ib le  e n e rg ie s  U of th e  
s y s te m  m e a s u re d  f ro m  th e  g round  s ta te  of th e  s y s te m . A 
s y s te m  su c h  a s  a n u c le u s  w hose e n e rg ie s  a r e  bounded  be low  
bu t unbounded  above w ill be  a s s o c ia te d  w ith  a  p o s itiv e  t e m p e r a tu r e .  
F o r  a s y s te m  w hose  e n e r g ie s  a r e  bounded  above h o w e v e r 
R a m se y  (R a 56) sh ow ed  th a t  a  d e s c r ip t io n  in  t e r m s  of a n e g a tiv e  
t e m p e r a tu r e  m ay  b e  m o re  a p p ro p r ia te .
E n tro p y  S is  a s  u s u a l
S = f i >(U  - F ) .  (1 .2 )
The v a lu e  of U in  (1. 2) i s  th e  a v e ra g e  v a lu e  of U of th e  s y s te m  
at th e  te m p e r a tu r e  ^  I ß  . W h ere  a v e ra g e s  o v e r  s ta te s  b e c o m e  
im p o r ta n t  th e  le v e l  d e n s ity  (JJ ( U) is  u s e d  a s  a co n tin u o u s  
a p p ro x im a tio n  to  th e  d i s c r e te  d is tr ib u tio n .
(JU (U) dU = p ro b a b le  n u m b e r of s ta te s  b e tw ee n  U and U + dU (1 .3 )  
A q u an tity  w hich  m ay  o fte n  be  m e a s u re d  d i r e c t ly  in  an  e x p e r i ­
m en t is  V  d e fin ed  a s  th e  lo g a r i th m ic  d e r iv a t iv e  of th e  le v e l 
d e n s ity  w ith  r e s p e c t  to  th e  e n e rg y , i . e .  ,
f  = T u  log  (UJ) • (x - 4 )
a p ro b le m  w hich  i s  not im p o r ta n t  in  m any  o th e r  a p p lic a tio n s  
as  th a t  of n u m b e rs  of p a r t i c l e s .  S ince  th e  n u m b e r of n u c leo n s  
in  a n u c le u s  is  s ta t i s t i c a l ly  s m a l l ,  c o r r e c t io n s  to  fo rm u la e  to  
a s s e r t  th a t  th e  n u m b e r  of p a r t i c le s  i s  f in ite  and fix ed  m ay  h av e  
a s u b s ta n t ia l  e ffe c t e s p e c ia l ly  a t low  e n e r g ie s .  It a ls o  fo llo w s
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th a t  a t low  e n e r g ie s ,  s ta t e s  a r e  w idely  enough  s e p a ra te d  th a t 
th e  a p p ro x im a tio n  of a  co n tin u o u s  d is tr ib u tio n  of s ta te s  i s  
o b v io u sly  in c o r r e c t .
It m ig h t b e  p o in ted  out th a t  s tu d ie s  su ch  a s  th o s e  of
th e  B u rb id g e s  e t a l (Bu 57) show  th a t  at te m p e r a tu r e s  a s  h igh  
l 0 o
as  10 C n u c le i h e a v ie r  th a n  H e liu m  a r e  e x tre m e ly  r a r e .
S ince  th e  th e rm o d y n a m ic s  u s e d  w ill p o s tu la te  te m p e r a tu r e s  of
a s  m u ch  a s  4 M eV c o r re s p o n d in g  to  about 5 x 1 0 ^ ° C  it  i s
d e s i r a b le  to  c h e c k  w h e th e r  th e r e  i s  in  fa c t any c o n f lic t .  Som e
n u c le i of any  g iv en  m a s s  w ill be  m a n u fa c tu re d  h o w e v e r r a r e ly .
It i s  th u s  only  n e c e s s a r y  to  c o n s id e r  in te r f e r e n c e  w ith  th e  n o rm a l
p r o c e s s e s  of n u c le a r  d is in te g ra t io n  by th e  r a d ia t io n  p re s e n t
in d ep en d en t of th e  d e n s ity  of o th e r  m a t t e r .  A s im p le  c a lc u la tio n
show s th a t  fo r  a  n u c le u s  of A = 216 and a te m p e r a tu r e  5 x 10 ^°C
b la c k  body ra d ia t io n  in  a  t im e  eq u iv a len t to  th e  life tim e  fo r
-21
p a r t ic le  e m is s io n  ( ~ 1 0  s e c s )  i s  about 1 .4  M eV. S ince 
m o s t of th e  r a d ia t io n  e n e rg y  i s  in  p h o tons w ith  e n e rg y  ^  20 MeV 
at th is  te m p e r a tu r e  th e  e ffe c t m ay  s a fe ly  be n e g le c te d .
S ince  i t  w ill b e co m e  a p p a re n t th a t  r a d ia t io n  in te r f e r e n c e  
in c r e a s e s  a t th e  s q u a re  of th e  e x c ita tio n  e n e rg y  it  i s  of so m e 
im p o r ta n c e  to  n o tic e  th a t  th e  M onte C a r lo  s tu d ie s  of M e tro p o lis  
e t a l (Me 58) in d ic a te d  th a t  th e r e  a p p e a rs  to  be  a  l im it  on the  
p o s s ib le  " th e r m a l is e d "  e n e rg ie s  re a c h e d  by  p ro to n  b o m b a rd m e n t
- 6 -
of a  g iv en  n u c le u s . F o r  ex am p le  f ro m  f ig u re  14 in  (Me 58) 
it  c a n  be  s e e n  th a t th e  a v e ra g e  e x c ita tio n  of a lu m in iu m  by  82 M eV 
p ro to n s  i s  about 3 7 M eV . F o r  238 MeV p ro to n s  th is  i s  only  
44 M eV . F o r  u ra n iu m  th e  e x c ita tio n  e n e rg y  c an  be c o n s id e ra b ly  
h ig h e r  fo r  th e  s a m e  te m p e r a tu r e  b u t f ig u re s  14 and 15 (of M e 58) 
su g g e s t th e  l im it  of th e  e x c ita tio n  e n e rg y  l e s s  th a n  200 M eV .
A s im i la r  r e s u l t  sh o u ld  a p p e a r ,  p e rh a p s  a t a  h ig h e r  e n e rg y , 
fo r  h e a v ie r  b o m b a rd in g  p a r t i c l e s .
II . 2 R e la tio n  of T h e rm o d y n a m ic  P o te n tia ls
of e n e r g ie s  at a f ix ed  te m p e r a tu r e  t .  T h e n  th e  p ro b a b ili ty  
th a t  it  i s  in  a  p a r t i c u la r  s ta te  is
C o n s id e r  a  s y s te m  w ith  a  s e t  of p o s s ib le  s ta te s
e ' x
I e - / * u i
i
/ ( F  -  Uj)
( 2 . 1 )
T he a v e ra g e  e n e rg y  U is  th e n  U^P^ at th e  te m p e r a tu r e  —
(2 . 2 )
s im i la r ly
- 7 -
?2-±jLZ\ e-?F




S ince  th e  le f t  hand  s id e  i s  a  v a r ia n c e  and  h en ce  p o s itiv e  
d e f in ite  U m u s t a lw ay s  in c r e a s e  w ith  te m p e ra tu re *
If th e  s ta t e s  XL a r e  r e p la c e d  by  a co n tin u o u s  
d is t r ib u t io n  of s ta t e s  th e n  (1 .1 )  b e c o m e s
roO
7 7 10 (U) dU
and so  e ' /  i s  th e  L a p la c e  t r a n s f o r m  of th e  le v e l d e n s ity . 
T he  le v e l d e n s ity  lv (U) m ay  be found by  in v e r t in g  th e  t r a n s ­






e / / d ^  .
T h e  in te g ra n d  h a s  a s a d d le  po in t a t = U ,
i . e .  , w h e re  U is  th e  a v e ra g e  e n e rg y  a s s o c ia te d  w ith  th e  fix ed  
t e m p e r a tu r e  w hich  g iv e s  th e  s a d d le  p o in t. N e a r  th e  sad d le  
po in t th e  ex p o n en t (a s su m e d  a n a ly t ic )  m ay be  exp an d ed  in  
p o w e rs  of ß  - ß  g w h e re ß g g iv e s  th e  sad d le  po in t










/ s ( U - F s>
x 2 , 2 /« F ,
2TT
'  2 ^
/ { -
> U \ 1
( 2 . 8 )
( 2 . 9 )
T he c o n v e rg e n c e  of th e  in te g r a l  d ep en d s  on th e  c o m p o n en ts  of
’'o O
e - f F -
J0
^  ^  u>(U) dU b e in g  n o n -c o h e re n t  fo r  not on th e  
r e a l  l in e ,  w h ich  m ay  be  e x p e c te d  to  h o ld  fo r  any n o rm a l 
d is t r ib u t io n  of le v e ls  iv (U) .
T he  r e la t io n  -  S = lo g  P ,  th e  a v e ra g e  of th e  lo g  of th e  
p ro b a b il i ty  fo r  th e  d is t r ib u t io n ,  m ay  b e  show n to  be  c o n s is te n t  
w ith  th e  t r e a tm e n t  g iven  a s  fo llow s 
^  (log P .)  P i
» F )  /^F  ' / U i)
= e / J F  - / % . )  e “ / U i
= ( Ä F  - j l l j )
= -S  a s  de fin ed  in  s e c t io n  (1).
F u r th e r
( 2 . 10 )
S = l?{XJ - F )
" f> ( U ) - j u d f
dU
a g a in  in  a c c o rd a n c e  w ith  th e  u s u a l d e f in it io n s .
( 2 . U )
( 2 . 12)
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C o m p a r i s o n  of (2 .1 2 ) ,  ( 1 .4 ) ,  and (2. 9) in d ic a te s  th e  b a s i s  f o r  th e  
c o m m o n  d e s c r ip t i o n  of t  a s  a  t e m p e r a t u r e .  If th e  v a r i a t i o n  of 
^ U w ith  t e m p e r a t u r e  can  be  n e g le c te d ,  i . e .  , f o r  a  l a r g e  enough
7 7
n u m b e r  of p a r t i c l e s ,  t  = c .
II. 3 T he  N u c leu s  a s  a  Set of In d ep en d en t P a r t i c l e s
If th e  p a r t i c l e s  w hich  m a k e  up th e  n u c leu s  a r e  s u p p o se d  
to  m ove  in d e p e n d e n t ly ,  in  a  n u c le a r  w ell in  w hich  s t a t e s  a r e  
a v a i la b le  a t e n e r g ie s  £  ^  f o r  n e u t ro n s  and  €   ^ f o r  p r o to n s ,  a l l  
p o s s ib le  n u c l e a r  s t a t e s  a r e  in c lu d e d  in  th e  G ran d  P a r t i t i o n  
F u n c t io n  (S c h rö d in g e r  1948) (Sc 48)
r Z / f  / ' / ' n . y ' p )  = 1^ | i  + e f n i ) l  )(
'  " > j
X [ l  + e / ?(A  " f P j ) J
'm  P i
(3 .1 )
^  e / ( N/ n - Z/ p - E> (3 .2 )
N , Z , E
w h e re  E i s  th e  s u m  of N s in g le  n e u t ro n  and Z s in g le  p ro to n  
e n e r g i e s .  In  a m a n n e r  s i m i l a r  to  th a t  of l a s t  s e c t io n  w ith  a 
p a r t i c u l a r  ^  > y ^ n > anc* t h e  a v e r a g e  v a lu e  of 
N ,N  = -
> ^ / n >
and th e  v a r i a n c e  ^-2 - N ^ = -  c> ^ ( ß } )
(3 .3 )
^  N




The s u m  o v e r  s t a t e s  f o r  a f ixed  N and Z m ay  be  found , by  
c o n to u r  i n te g r a t io n ,  a s  th e  c o e f f ic ie n t  of (e ß n )^  and  of 
e( f* / * P^ ^  in  th e  G ra n d  P a r t i t i o n  F u n c t io n
Yf
P e r f o r m i n g  th e  i n te g r a t io n  at th e  s a d d le  poin t N = N
e-/F(NyV/)
s i m i l a r l y
( 0 - M N ) - 2 i r . ^ N
ySF(N . Z / )  = e - /  <r-/p z - A^ -L. /■
2?r ^
M ). (3 .5)
\  - i
) S (3 .6)
>. * V^/*p V
(3 .7)
F o r  so m e  s im p le  d i s t r ib u t io n s  of s in g le  p a r t i c l e  l e v e l s  the  
r ig h t  hand  s id e  of (3 .1 )  m a y  be  e v a lu a te d  in  a  m o r e  t r a c t a b l e  
f o r m .
= ^  lo g  (1 + e / ^ A  ” £ lA  + ^  log  (1 + " f P ^ )
11 P (3 .8 )
F o r  n e u t ro n s
- ß fn  -? l o g  [ l  + e / S(/ n " Cni) J
= f n i ' y ' n  l o g  [  1 +  e  /* ( €  n i  ' /  n ) j
+ f m  log  + e ^ ' ^ n " £ n i * ]
+ £ ni < ^ n  ß A n ” ^ nl ^ ( 3 . 9)
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If th e  d e n s ity  of s ta t e s  fo r  a s in g le  n e u tro n  i s  gn and
u n ifo rm  w ith  r e s p e c t  to  th e  e n e r g ie s  and if  th e  te m p e r a tu r e  
i s  s u c h  th a t  th e r e  i s  a  v a n ish in g  p ro b a b ili ty  of e x c it in g  th e  
lo w e s t e n e rg y  p a r t i c l e s  th e n  th e  f i r s t  tw o su m m a tio n s  t r a n s f o r m
th e s e  c o n d itio n s  N is  eq u a l to  th e  n u m b e r of le v e ls  l e s s  th a n
In g e n e ra l  th e  co n d itio n  of a  c o n s ta n t n u m b e r of p a r t i c le s  e n s u r e s  
th a t a s  j i  te n d s  to  in f in ity  th e  p ro b a b ili ty  of a h o le  in  th e  s in g le  
p a r t ic le  o ccu p a tio n  of th e  s ta te  c lo s e s t  be lo w  th e  n e u tro n  F e r m i  
le v e l JL  in  e n e rg y  m u s t be  eq u a l to  th a t  fo r  s in g le  p a r t i c le
th e  l im it  i s  e x a c tly  h a lf  w ay b e tw ee n  th e m . F o r  a  d e g e n e ra te  
s ta te  in c o m p le te ly  o ccu p ied  th e  F e r m i  le v e l i s  eq u a l to  th e  
e n e rg y  of th e  s ta t e .  A t h ig h e r  t e m p e r a tu r e s  th e  to ta l  o c cu p a tio n  
p ro b a b ili ty  of le v e ls  h ig h e r  th a n  th e  F e r m i  le v e l  m ay  be e q u a te d  
to  th e  p ro b a b ili ty  of h o le s  b e lo w  i t .  i .  e . ,







e /* ( ^ ni n) 
1 + e / ( f n i
f n i V ' n
( / • n  - g n i ) e / ^ n  ~ g ni)  + n ( g n i ^ ‘n ) e ^ ^ ' / <n)
1 + e /  f  ni) 1 + e / J ( £ ni  ' A i )  
(3 . 12)
T h u s u n le s s  th e  d is t r ib u t io n  of le v e ls  i s  m a rk e d ly  a s y m m e tr ic  
th e r e  w ill be  l i t t l e  c o m p lic a tio n  f ro m  ch an g in g  v a lu e s  of 
One p o s s ib le  p la c e  w h e re  an  a s y m m e try  m ay  be  of im p o r ta n c e  
w ill be in  d e c id in g  th e  F e r m i  le v e l of a c lo s e d  s h e ll  n u c le u s .
n u c leu s  f r o m  s p h e r ic a l  s y m m e try  i s  ta k e n  in to  acco u n t a lm o s t 
a ll  n u c le i m ay  be  c o n s id e re d  h av in g  a u n ifo rm  d is tr ib u tio n  of 
s in g le  p a r t ic le  le v e ls  d e g e n e ra te  only  in  p a i r s  (see  f ig u re  1). 
F u r th e r  d is c u s s io n  th e r e f o r e  a s s u m e s  a s  a b a s is  a c o n s ta n t v a lu e  
fo r  e ach  of gn and gp .
If th e  g round  s ta te  of a  n u c le u s  of N n e u tro n s  and 
Z p ro to n s  i s  ta k e n  to  h av e  z e ro  e n e rg y  th e n  th e  f r e e  e n e rg y  
F  i s  g iv en  by
It w ill b e  no ted  th a t  a s  soon  a s  so m e  d e p a r tu re  of th e
(3 . 14)
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F ig .  1. T he  se q u e n c e  of s in g le  p a r t i c le  le v e ls  in  a  d is to r te d  
n u c le a r  w ell (Ni 55).
5. Energy levels of the mode! us / unctions 0 / the de/urnu/Hun. There is a scale for both of the deformation variables // and d. To first order d equals the deformation pa ram ete r  ß  used in the papers of A. B o h r  and B. M o tt k lso n . The energy is p lo tted  in tin
A m  100 one expects Juo0 «a 8.8 MeV. The c o n s tan t  x  is chosen equal to 0.05 in the  diagram. The levels are labelled by the ^ - n u m b e r  and the parity .  The num bers to the left of the cur
i- and <5-dependcnt energy unit  xtia>0(ö). where fioj0 varies with A as A  Further,  for
i refer to Table I.
- 15 -
w h ere
g = gn + gp (3 .1 5 )
hence
S = 2(_2f_U  ) - 1 -  log(g  t T )  (3 .1 6 )
6
i f gn Ä gp so  th a t  4 gn g p ~ ( g n + gp)2 • (3- 17)
(S + log  I J  )2~  4J T 2 g U , (3. 18)
4^ r 6
and ■ = 2 " t2  
6
F r o m  th e s e  i t  fo llow s th a t
to  ( U ,N ,Z )  = e x p ^  2 (T 2 g ^  j  j l 2  (U + ( f  )*1
and
1 J 3  - ir V 6u 4u
w hence
2
a = 7 _^_§L = u  + 5
6 t 2,
(3 .1 9 )
(3 .2 0 )
(3 .2 1 )
(3 .2 2 )
C o m p a r i s o n  of (3. 22) w ith  (3. 14) g iv e s  th e  d i f f e r e n c e  b e tw e e n  
t  and t r e f e r r e d  to  at th e  c lo s e  of th e  l a s t  s e c t io n ,  f o r  t h i s  
m o d e l  of th e  n u c le u s .
II. 4 A n g u la r  M o m en tu m
A s s o c ia te d  w ith  each  n u c l e a r  s t a t e  t h e r e  i s  a  d e f in i te  
a n g u la r  m o m e n tu m .  In o r d e r  to  u s e  th e  f o r m a l i s m  of th e  p r e v io u s  
s e c t io n ,  it  i s  n e c e s s a r y  to  find so m e  a s s o c i a t e d  qu an tity  w hich  i s
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l in e a r ly  a d d itiv e  fo r  a  s e t  of p a r t i c l e s .  T h is  is  th e  p ro je c t io n  
of th e  a n g u la r  m o m e n tu m  on so m e  a r b i t r a r y  a x is .
T h u s (3. 1) i s  r e p la c e d  by
tJI  gpj [ l  + e / V n '  £ x
x f l  + e / ?(/ P  '  f P3 '  y m j )l
L (4.1)
and it  i s  d e s i r a b le  to  fin d  a d e n s ity  of s t a t e s  w ith  a  g iven  v a lu e  
of M. T h u s
At th e  s a d d le  po in t
l  +  e ^ ( f i '  y “ )
F o r  M = 0, th e  a x is  m ay  be  r e v e r s e d  w h ich  r e v e r s e s  th e  s ig n  
of s in c e  th e  s ig n  of e ac h  m  is  r e v e r s e d  b u t th e  p ro b a b ili ty  
is  u n ch an g ed . A lso
(4 .3 )
(4 .4 )
b  2 ( / _ / )  = \ m i 2 exP [ - /  ( / -  -  £ j j]
^ {j l  ^  )  j l  + exp - y  ( /* - ^ m^ - 6 ^
and th e  r ig h t  hand  s id e  i s  th e  su m  of a  s e t  of n e g a tiv e  t e r m s  
H ence fo r  M = 0
fit = 0 (4 .6 )
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and f o r  s m a l l  v a lu e s  of
< m i 2 exp - ß  (fl - £ j )
[ l  + exp -6 ( A - * ' 2
T h is  i s  th e  s u m  of t e r m s  fo r  n e u t ro n s  and  p ro to n s .  F o r  a 
co n tin u o u s  u n i fo r m  d e n s i ty  of n e u t ro n  le v e l s  gn , the  r ig h t  
hand  s id e  of (4. 8) b e c o m e s
— —
nrn gn e x dx 
.  ß  (1 + ex )2
- o ö  /
m2 gn
= ct
(4. 10) i s  u s e d  to  de fine  c .  m ^ i s  th e  m e a n  v a lu e  of the  s q u a r e  
of th e  p ro je c t io n  of th e  a n g u la r  m o m e n tu m  on any a x is  fo r  
s in g le  p a r t i c l e  s t a t e s  c lo s e  to  th e  F e r m i  le v e l .
F r o m J 4 .  3) and (4. 7) at th e  sad d le  point
M - W .
Y  Y
A Y ct




(4 .1 0 )
( 4 . U )
th e r e  of
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*2 , ) c t
(4 .1 2 )
and c o m p le tin g  th e  sa d d le  p o in t in te g ra t io n  i t  fo llo w s im m e d ia te ly
-M  / 2ct
10 (U ,N , Z , M) 6U (U , M , Z ) (4 .1 3 )
(2 'i) 'c t) 2
T he fo rm  of (4 .1 2 )  show s th a t  th e  c o n tr ib u tio n  of th e  a n g u la r
m o m e n tu m  in  th e  f r e e  e n e rg y  is  w hat w ould  be  e x p ec ted  if  a
s ta te  w hose  p ro je c te d  v a lu e  w as M w e re  a s s o c ia te d  w ith  an  
M 2e n e r g y -------  . S ince  M/K is  th e  a n g u la r  m o m e n tu m  about th e
2 c
c h o se n  a x is ,  th is  s u g g e s ts  th a t c c a n  b e  r e g a r d e d  a s  a  m o m en t 
of in e r t i a .  A fo rm u la t io n  w hich  d e p en d ed  e x p lic it ly  on th e  k in e tic  
e n e rg y  of a  r ig id  r o ta to r  h av in g  th e  fo r m  (4. 12) w as u s e d  by 
M iss  J .  M. B . L a n g  and  L e  C o u te u r  (L a 54) to  d e r iv e  (4. 13).
B eth e  (Be 37) show ed  th a t fo r  a  s q u a re  w e ll p o te n tia l m"2 g & 
is  a c tu a lly  eq u a l to  th e  m o m en t of i n e r t i a  of th e  n u c leu s  
c o n s id e re d  a s  a  r ig id  b o d y . S ince  th e  r e s u l t  does not e x p lic it ly  
in v o lv e  any r e q u ir e m e n t  on the  sh ap e  of th e  n u c le a r  p o te n tia l 
w ell B lo ch  (B1 54) h a s  a ls o  d e r iv e d  i t  in  th e  WKB a p p ro x im a tio n  
fo r  any F e r m i  T h o m a s  d e s c r ip t io n  of th e  n u c le u s . It i s  s e e n  
s im p ly  a s  fo llo w s .
C o n s id e r  a  p o te n tia l w ell c o m p le te ly  o ccu p ied  up  to  
an  e n e rg y  £  . F o r  any s m a l l  e le m e n t of v o lu m n  d ' t  th e re  w ill
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be  a m a x im u m  k in e tic  e n e rg y  E  m ax  d ep en d in g  on th e  dep th  of 
th e  p o te n tia l w e ll in  th a t  e le m e n t.  T h e  n u m b e r of p a r t ic le s  
(say  n e u tro n s )  in  d r  , dN , w ill b e  g iv en  by
dN = 2d~£ \ m a x ^ /h ^  (4 .1 4 )
T he  to ta l  d e n s ity  at a po in t in  th e  n u c le u s  w ill be
5=- «J4 (4 .1 5 )
and th e  to ta l  n u m b e r of p a r t i c le s
N =
J M
d r (4 .1 6 )
Now c o n s id e r  £ and so  E m ax  in c re m e n te d  by  a s m a l l  am ount 
d £ . If th is  a llo w s a f u r th e r  A N  p a r t ic le s to  be  in c lu d e d  th en  




(4 .1 7 )
T he  a n g u la r  m o m e n tu m  c a r r i e d  by  th e  e x tr a  p a r t i c le s  w ill be 
a s s o c ia te d  w ith  a  q u an tity  fm a x  X r  a t any po in t so  th a t  th e  
a v e ra g e  v a lu e  p e r  p a r t ic le  of th e  s q u a re  of i t s  p ro je c t io n  on 
th e  z a x is  w ill be
m 2
( X 2 + y 2 ) d r / ( A N £ 2)
d j _  1
A N
2 z i  2 M E m a x  (x2 + y 2 ) d ' t ' (4. 18)
i .  e . ,
3 M E m ax  3
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m2 8 = X 2
(x2 + y 2 )/? d T (4. 19)
and th e  in t e g r a l  i s  th e  m o m e n t  of i n e r t i a  of th e  n u c leu s  c o n s id e r e d  
a s  a  r i g i d  b o d y ,  about th e  Z a x is .  Due to  c o h e r e n c e  e f f e c t s ,  
t h i s  i s  not c o m p le te ly  t r u e  fo r  a c tu a l  n u c le i  a s  w ill be s e e n  l a t e r .
S ince  e a c h  v a lu e  of J  g iv e s  r i s e  to  2J + 1 v a lu e s  of 
M r a n g in g  f r o m  + J  to  -  J  th e  d e n s i ty  of l e v e l s  w ith  a  g iven  
v a lu e  of J  j | ( U , N , Z , J )^can  be  found f r o m  th a t  w ith  a g iven  
v a lu e  of M ^ u ; ( U ,N ,Z ,M )
J £ ( U , N , Z , J )  = tü (U ,N , Z , M = J )  -  O l>(U ,N ,Z,M  = J  + 1) (4. 20)
r - J 2 /2 c t  _ e - ( J  + l ) 2 /2 c t  1  
( 2 -iTct) 2 l-e ’ e J
(4 .2 1 )
^ ( U . N . Z )  - ( J  + ! ) 2 /2 c t
= ----------------- (2J + 1) e
I t 2(2ct)
(4 .2 2 )
It i s  an  obvious a s s u m p t io n  to  m a k e  th a t  l e v e l s  of e i th e r  p a r i ty  
a r e  eq u a l ly  p ro b a b le .  I n c o rp o ra t in g  th i s  and (3. 20) in to  (4. 21) 
and u s in g  (3 .1 4 )  the  d e n s i ty  of l e v e l s  of a  s in g le  p a r i ty  w ith  
a n g u la r  m o m e n tu m  J  K, and e x c i ta t io n  U in  a n u c le u s  of N n e u t ro n s  
and  Z p ro to n s  i s
LU ( U ,N ,Z )  =





-  (J + i ) 2 /2 c t  
g (m 2) ^ 1
(4 .2 3 )
It w ill  b e  no ted  th a t  the  c o n to u r  in te g ra t io n  of th i s  s e c t io n  w i l l ____
not c a u s e  m a j o r  i n t e r f e r e n c e  w ith  th a t  in  th e  p re v io u s  s e c t io n
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s in c e  m 2 g ?>  1. F o r  th is  r e a s o n  a lso  th e  f a c to r  2J + 1 m ay  
be ta k e n  on m any  c a s e s  a s  fu lly  d e s c r ib in g  th e  d ep en d en ce  of 
le v e l  d e n s ity  on A n g u la r  M o m en tu m ,an d  th e  lo g a r i th m ic  d e r iv a t io n  
of th e  le v e l  d e n s i ty , ^  , i s  u s u a lly  a s s u m e d  to  be  in d ep en d en t 
of sp in  fo r  le v e ls  of a  s in g le  sp in  v a lu e .
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III CO NDENSATION E F F E C T S  IN TH E NUCLEUS 
III . 1 In te r a c t io n s  B e tw een  S im p le  S ta te s
P e rh a p s  th e  m o s t s u r p r i s in g  p ro p e r ty  of th e  s h e ll  
m o d e l i s  i t s  e x is te n c e . T h a t in te r a c t io n s  w hich  a r e  q u ite  
c o m p le x  in  th e  tw o body p ro b le m  sh o u ld  give r i s e  in  m an y  body 
a g g re g a te s  to  a p o te n tia l  w h ich  i s  m a in ly  c e n tr a l  i s  not s e lf  
e v id e n t . C o n d itio n s  fo r  th is  to  b e  v a lid  fo r  a  p a r t i c u la r  s e t  of 
F e r m io n s  h av e  b e e n  g iven  (Go 58) (We 58) a s  th a t  any re p u ls iv e  
p o te n tia l  m u s t be  c o n s id e ra b ly  s m a l le r  in  r a d iu s  th a n  th e  m e a n  
d is ta n c e  b e tw ee n  p a r t i c l e s  in  th e  a g g re g a te ,  and  th a t  th e  k in e tic  
e n e rg y  a t th e  F e r m i  le v e l in  th e  a s s e m b ly  b e  a  h ig h e r  e n e rg y  
th a n  th a t  in v o lv ed  in  th e  in te r a c t io n s  b e tw een  in d iv id u a l p a r t i c l e s .  
U n d e r  su c h  c o n d itio n s  th e  m e an  f r e e  p a th  fo r  n u c le o rs in  n u c le a r  
m a t te r  w ill be  lo n g  (about 25 F e r m i s  at lo w e r  edge of th e  c o n tin u u m ) 
and th u s  th e  a p p ro x im a tio n  of in d ep en d en t p a r t i c le s  w ill be  v a lid .
T h e re  a r e  h o w e v e r p o s s ib le  c o r r e c t io n  t e r m s  due to  th e  
fa c t th a t  th e  n u c le a r  H a m ilto n ia n  can  not be c o m p le te ly  e q u iv a len t 
to  th a t  of th e  in d ep en d en t p a r t ic le  m o d e l.
Som e r e s u l t s  c o n n e c te d  w ith  th e  r e la t io n s  of r e a l  and  
m o d e l w ave fu n c tio n s  a r e  c o n s id e re d  in  s e c t io n  2. A s a  p r e l im in a r y ,  
e v id en c e  fo r  c o h e re n c e  in  low  e n e rg y  s ta t e s  i s  c o n s id e re d .
A v e r y  s im p le  and  obv ious ex am p le  of c o h e re n c e  is  th e  
e v e n -o d d  e ffe c t . N u c le i in  w hich  th e r e  a r e  ev en  n u m b e rs  of
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n e u tro n s  N and p ro to n s  Z , a r e  in  g e n e ra l  c o n s id e ra b ly  m o re  
s ta b le  th a n  th o s e  of th e  sa m e  m a s s  n u m b e r A b u t b o th  N and Z 
odd. T he a d d itio n  of a  n e u tro n  o r  a  p ro to n  to  su ch  an ev en  n u c le u s  
to  m ak e  an odd m a s s  n u c le u s  d o es  not r e l e a s e  so  m u ch  e n e rg y  
as  th e  a d d itio n  of a  sec o n d  of th e  s a m e  s o r t  of p a r t ic le  r e tu r n in g  
to  an  ev en  n u c le u s . T he sp in  of an  ev en  n u c le u s  is  found to  b e  
z e ro  in  i t s  g ro u n d  s ta t e .  F o r  an  odd m a s s  n u c leu s  th e  sp in  i s  
th a t  of a s in g le  s h e ll  m o d e l p a r t ic le  a tta c h e d  to  a c o re  of sp in  z e r o .  
T h e se  s u g g e s t th a t  th e  r e s id u a l  in te r a c t io n s  of n u c leo n s  m ay  b e  
a p p ro x im a te d  by in tro d u c in g  a p a ir in g  e n e rg y  b in d in g  n u c le o n s  
of eq u a l and  o p p o s ite  sp in  p ro je c t io n s  on som e ax is  of th e  n u c le u s , 
and w ith  a ll  o th e r  q u an tu m  n u m b e rs  e q u a l, in to  a m o re  s tro n g ly  
bound jo in t s ta te .
S tro n g e r  b in d in g  is  a lso  a s s o c ia te d  w ith  c e r ta in  v a lu e s  
of N and Z . T he s h e ll  m o d e l a c c o u n ts  w ell fo r  th e s e  v a lu e s  a s  
c o m p le tin g  a  g ro u p  of sub s h e l l s .  F o r  each  sub s h e ll  a l l  n u c leo n s  
have  th e  sa m e  v a lu e  of a ll  q u an tu m  n u m b e rs  ex cep t p r o je c t io n  of 
th e  to ta l  a n g u la r  m o m e n tu m  on so m e  sp in  a x is .
R e g u la r i t ie s  in  th e  low  e n e rg y  e x c ita tio n  s p e c t r a  of ev en  
n u c le i c a n  be  w ell d e s c r ib e d  in  t e r m s  of th e  n u c leu s  e i th e r  
ro ta t in g  abou t a  d e f in ite  a x is  o r  v ib ra t in g  a s  a liq u id  d ro p . A ll 
low  ly in g  s ta t e s  of an  e v en  n u c leu s  s e e m  to  f it in  su c h  a  d e s c r ip t io n .
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T h is  im p lie s  in  tu r n  th a t th e  s im p le  s in g le  p a r t ic le  s ta t e s  a r e  
s u p p r e s s e d  and h a s  le d  B o h r e t a l (Bo 58) to  an  an alo g y  w ith  th e  
gap th e o ry  (Ba 57) d e s c r ib in g  th e  b e h a v io u r  of a s u p e rc o n d u c to r .
In  l a t e r  s e c t io n s  of th is  c h a p te r  c o n s id e ra t io n  is  g iven  to  
m a th e m a tic a l  fo rm u la t io n  of th e s e  m o d e ls .
III . 2 P r o p e r t i e s  of M ixed  S ta te s
P e i e r l s  (P e  38) h a s  s ta te d  a m in im u m  p ro p e r ty  of th e  
f r e e  e n e rg y . G iven  th e  H a m ilto n ia n  of a s y s te m  an  a p p ro x im a tio n  
to  th e  f r e e  e n e rg y  m ay  be o b ta in e d  f ro m  th e  d iag o n a l m a tr ix  
e le m e n ts  Hn n . T h en  th e  m in im u m  p ro p e r ty  i s  th a t  a ll su ch  
a p p ro x im a tio n s  g ive g r e a te r  v a lu e s  th a n  g iven  by th e  e ig e n v a lu e s  
fo r  th e  f r e e  e n e rg y .
i .  e . , e -/SUi >  ^  -/H nn (2 . 1 )
W h ere  is  an  a c tu a l e ig en v a lu e  and  Hnn i s  a  d iag o n a l m a t r ix  
e le m e n t fo r  an  a p p ro x im a te  w ave fu n c tio n .
S ince  th e  e n tro p y  S = (U -F ) , a c o r re s p o n d in g  th e o r e m
m ay  be d e r iv e d  and i s  of in te r e s t  b e c a u s e  of th e  c lo se  c o n n e c tio n  
b e tw ee n  e n tro p y  and le v e l d e n s ity  (see  II. 2. 9). F o r  a fix ed  e n e rg y  
U th e  v a r ia t io n  of S , dS, i s  m ade  up of a  v a r ia t io n  of so m e  le v e l  
e n e rg y  by dU ^ and a c o m p e n sa tin g  v a r ia t io n  dyS to  e n s u re  
th a t U i s  f ix e d .
dS = * S dUo4 +>> S d / S  
M U  ^
( 2 . 2 )
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dU = 0 = dU«. + ^  U d 3  (2. 3)
and s in c e  ß  F )  = U
V
(2 .4 )
V  P F^
so that dS = dU , (jLtL - ^ U  ^ S j  _VU)
<> U-* b u*. 'bf2> /  <y*
= - dU V F  (2 .5 )
*  ^>u*
Since  F  i s  a m in im u m ,  S i s  a  m a x im u m  fo r  th e  c o r r e c t  s e t  of 
e ig e n fu n c t io n s ,  w hen r e l a t e d  to  a  f ix ed  e n e r g y .  P e i e r l s '  t h e o r e m  
a lso  g iv e s  im m e d ia te ly  th e  m o r e  u s u a l  r e s u l t  th a t  th e  g round  s t a t e  
e n e rg y  i s  a  m in im u m .
In  th e  n u c le a r  c a s e  h o w e v e r  th e  e x c i ta t io n  e n e r g ie s  
a r e  e n e r g ie s  m e a s u r e d  f r o m  the  g round  s t a t e ,  and lo w e r in g  th e  
g round  s ta t e  e n e r g y  by dUg c h an g e s  th e  f r e e  e n e rg y  m e a s u r e d  
f r o m  th a t  s t a t e  a c c o rd in g  to
d ( e - / * F ) = - / ? ( e ' / ! !F - 1 ) dU g (2 .6 )
T h is  i s  a lw ay s  n e g a t iv e .  T h e  f r e e  en e rg y  i s  th u s  i n c r e a s e d  and 
th e  e n tro p y  d e c r e a s e d  a s  a  fu n c tio n  of th e  e x c i ta t io n  e n e rg y  by  
any t r a n s f o r m a t i o n  w hich  lo w e r s  th e  g round  s ta t e  e n e r g y .
S ince  any s ta t e  w hich b e c o m e s  lo w e r  th a n  th e  g round  
s ta t e  a u to m a t ic a l ly  d i s p la c e s  i t  a s  g round  s t a t e ,  it  i s  p o s s ib le  
th a t  th e  g ro u n d  s t a t e  i s  a  s ta t e  w hich i s  lo w e re d  f u r t h e r  th a n  a r e  
a v e r a g e  s t a t e s ,  and h en ce  th a t  the  f r e e  e n e rg y  fo r  a g iven
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t e m p e r a tu r e  i s  in c r e a s e d  by th e  m ix in g  of a p p ro x im a te  s ta t e s  to  
give a c tu a l e ig en  s t a t e s .
T h e se  e f fe c ts  m ay  be s e e n  m o re  c le a r ly  p e rh a p s  in  a 
s im p le  m o d e l. S uppose  th a t  u n d e r  th e  a c tio n  of th e  r e a l  H a m ilto n ia n  
th e  in d e p en d e n t p a r t ic le  m o d e l s ta te s  of e n e rg y  c lo se  to  U a r e  
s c a t te r e d  abou t th e  a v e ra g e  e n e rg y  U w ith  a  n o rm a l d is t r ib u t io n
O
of v a r ia n c e  A. .
T h en  th e  d e n s ity  of s ta te s  a t e n e rg y  U w ill b eco m e
U U i ( U )
- ( u  - u  y
A 2 CP (U) dU (2 .7 )
n/ tt Zi
and by d e fin itio n  of T  (II. 1 .4 )  th is  i s  c lo se ly
-(U  - u ' ) 2 / a 2 - ( u '  - U) f r
U ) i ( U  ) (v(U ) e dU
A s H f
U)(l/)e a 2 / 4 ^ 2 fo r  A , X  « U ( 2 . 8)
T h is  a p p lie s  to  e n e r g ie s  w ell above th e  g round  s ta te .  T he 
co n d itio n  th a t  th e  d e n s ity  of s ta t e s  d o es  not b e co m e  in f in ite  
a n y w h e re , o r  th a t  th e  d e n s ity  s h a ll  not h av e  a h igh  p ro b a b il i ty  
fo r  la rg e  n e g a tiv e  e n e r g ie s  b o th  g ive th e  s a m e  r e q u i r e m e n t ,  th a t  
f ro m  (2. 7)
lo g  uj(U) ~~^2 s h a l l  be  n e g a tiv e  fo r  la r g e  enough U. 
S ince lo g  CO(U) 2 Vau"
n 1 5
th is  m e a n s  th a t  c an n o t in c r e a s e  f a s t e r  th a n  a s  U . If 
A^ d o es  in c r e a s e  a t th is  r a t e ,  say  a  ^ ~  fo r  la rg e  U ,
th e n  f ro m  2 ^aU  <  U 2w
(2 .9 )
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2 V a (2 .1 0 )
T he in e q u a lity  w ould a p p e a r  to  r e q u i r e  a  c o n s id e ra b le  u n b a lan c e  
to  p re v e n t  an  a c c u m u la tio n  of s ta te s  a t o r  b e lo w  th e  g ro u n d  s ta t e .
If A v a r i e s  p ro p o r t io n a te ly  w ith  so m e  p o w er of U b e tw ee n  
1 and 1. 5 th e n  th e  eq u a tio n  fo r  a  (II. 3. 22) b e c o m e s
a ^ U , 5  , ^ ( r - l ) V r ai
2 X2Ur ‘ 3/:i (2- U )
T h u s  fo r  r  <.li a  w ill a p p e a r  to  d e c r e a s e  w ith  in c r e a s in g  U .
E v id en c e  to  be  c o n s id e re d  in  C h a p te r  IV d o es  not su p p o rt th is  
p o in t of v iew .
If r  = l i  th e n  th e  e x t r a  t e r m  is  a c o n s ta n t and f ro m
(2. 10) th e  m ag n itu d e  of th e  e x p o n en tia l m u l t ip l ie r  t e r m  in  (2. 8) i s
Oi u ’"1 _ a _ U |_  _ / a U
4U / 2 / a  x 4 8
and th u s  th e  m a x im u m  ch an g e  in  th e  a p p a re n t v a lu e  of a  f ro m
th is  s o u rc e  is  of o r d e r  a .
8
2 2 If v a r i e s  a s  o r  m o re  s lo w ly  th a n  U , th e n  th e  t e r m  A w ill be
m o re  im p o r ta n t  at low  te m p e r a tu r e  th a n  at h igh  te m p e r a tu r e .  It 
a p p e a r s ,  s u p e r f ic ia l ly ,  to  c a u s e  a c o n s id e ra b le  o r  ev en  an  in f in ite  
n u m b e r  of s ta te s  a t th e  g ro u n d  s ta te  e n e rg y . T h is  s u g g e s ts  th a t  
a  m o re  c o m p le te  a n a ly s is  of any  c a s e  a p p a re n tly  of th is  ty p e  w ould 
r e v e a l  a  lo w e rin g  of th e  g ro u n d  s ta t e .
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It th u s  a p p e a rs  th a t  if  th e r e  i s  no d is c o n t in u ity  in  th e  
e n e rg y  a s  a  fu n c tio n  of th e  t e m p e r a tu r e  a H a m ilto n ia n  w hich  g iv es  
n e a r ly  th e  r ig h t  b in d in g  e n e rg y  of th e  s y s te m  w ill g ive a good 
d e s c r ip t io n  of th e  le v e l  d e n s ity  of e x c ite d  s ta te s  ev en  if  th e s e  a r e  
v e ry  f a r  f ro m  b e in g  p u re  in d ep en d en t p a r t ic le  m o d e l s t a t e s .  Som e 
e ffe c ts  w ill h o w e v e r be  e x p ec te d  in  low  e n e rg y  s ta te s  and p o s s ib ly  
in  a  c o n tr a s t  of low  and  h ig h  e n e rg y  p a r a m e te r s .
III. 3 D e n s it ie s  of S ta te s  w ith  P a i r in g  E n e rg y
In  th e  U n ified  N u c le a r  M odel (Bo 53), (Bo 54) and (Bo 56) 
N ils so n  (Ni 55) g iv e s  a le v e l s c h e m e  in  w hich  p a i r s  of p a r t i c le s  
w ith  a n g u la r  m o m e n tu m  co m o o n en ts  eq u a l and o p p o s ite  bu t w hich  
a r e  o th e rw is e  eq u iv a len t a r e  d e g e n e ra te .  T h e re  a r e  fo u r  p o s s ib le  
o ccu p a tio n  s ta te s  of th e  p a i r ,  i . e .  , b o th  e m p ty , one o r  o th e r  
f i l le d ,  o r  b o th  f i l le d . If th e  r e s id u a l  in te r a c t io n  w ith in  th e  
n u c leo n s  le a d  to  a co u p lin g  e n e rg y  of m ag n itu d e  A  i b e tw ee n  
m e m b e rs  of th e  p a i r  th e s e  fo u r  c o n f ig u ra tio n s  h av e  e n e r g ie s  0 ,
£ i  + j  A i > and 2 6 ■ r e s p e c t iv e ly .  T h e  p a ir in g  e n e rg y  le a d s  to  
c h a r a c te r i s t i c  d if f e r e n c e s  b e tw ee n  g round  s ta te  e n e r g ie s  of e v en  and  
of odd m a s s  and  odd n u c le i and  so  th e  m ag n itu d e  of A m ay  be ta k e n  
f ro m  S to lovy and H a rv e y 's  (St 57) e m p ir ic a l  e s t im a te  as
A  0 = 3. 36 - 0. 0084A M eV fo r  A > 4 0  (3. 1)
T he  n e u tro n  c o n tr ib u tio n  to  th e  g ra n d  p a r t i t io n  fu n c tio n  i s  th e n
6 - Af.  ( Aj A )  = II [ l  + 2e /* (/* n  - 6 n i - A i)  + e 2 M n  - £ n i)-)
£ n i ^4
and th e  p ro to n  c o n tr ib u tio n  w ill be  s im i la r .
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T h e n  a s  in  (II. 3) th e  v a lu e  of n m ay  be  s im p l i f ie d
- / / n  = + 2 e x p ^ ( / ( n  - - i ^ )  + exp 2 ^
: ^  l 2 / ( / “ n  - Cni> + lo g  [l + 2exP /3 (  £ni '  A  '  * A i )  +
ex P 2/3 ( yxh - e n . ) ^ J
+ 2eXP / (A  '  ? ni '  i A i } + 6XP V ^ n  '  (3‘ 3)
In th e  c a s e  w h e re  a u n i f o r m  s in g le  p a r t i c l e  le v e l  d e n s i ty  e x i s t s  a s  
in  (II. 3) andZl^ = A  is  a  c o n s ta n t
A a - 'A 1" (3-4)
w h e re  I gn log  (1 + 2cos \ e  x + e 2 x ) dx
c5
 ^ \ 2 . 
gn (2L - A _  ) 
6 2




x i s  th e  m ag n itu d e ^ni^ and the  v a lu e  of gn is  ta k e n  
to  be  tw ic e  th e  d e n s i ty  of p a i r  s t a t e s ,  w hich g iv e s  c o n s i s te n c y  w ith  
(II. 3)
T he  e x p e c te d  n u m b e r  of p a r t i c l e s  in  a  g iven  le v e l  i s
g iven  by
2 {exp / ( / < „  - £ ni - I A j ) + exp  2f  ( /*n -  £ n i )j
1 + 2exP f 1 ( A  ‘  *ni '  A )  + exP l / h  '  6ni> (3 .8 )
at low  t e m p e r a t u r e s ,  i .  e . , h igh  v a lu e s  of^? th i s  h a s  in  th e  l im i t  
th e  v a lu e s  2 fo r  y L L  >  £_.
0 fo r
A -  ■«
< £ ni (3 .9 )
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2 ( 1 +  exp - I  ) = 1
and fo r  ^  i s  e q u a l to  2 (1 + exp - ^3 4  j
and a s  in  s e c t io n  II . 3 th e  v a lu e  f o r y U n  in  th e  g round  s ta te  i s  th a t  
h a lf  w ay b e tw ee n  th e  e n e rg y  of th e  la s t  f i l le d  p a i r  s ta te  and  th e  
f i r s t  em p ty  s ta te  fo r  an ev en  n u m b e r  of n e u tro n s  ?o r  i s  eq u a l to  
th e  e n e rg y  of th e  f in a l s ta te  w ith  o c cu p a tio n  n u m b e r  1 fo r  a  n u c leu s  
w ith  an  odd n u m b e r of n e u tro n s .
T he  e n e rg y  of a s ta te  in  t e r m s  of th e  e n e r g ie s  of th e  
p a ire d  s ta t e s  is
E n = „ f r 2 2( £ n i) + r ^ l  ( ^ n i  + 1 A ) w h e re  th e  n * a r e  th e
o ccu p a tio n  n u m b e rs  of th e  v a r io u s  le v e l s .
In  p a r t i c u la r  th e  su m m a tio n  in  (3 .4 ) ,
£ n i ^ n  2 / (A -  f ni )  = / ( / N - E * ) .  (3 .1 0 )
W h ere  E* = E Q th e  g round  s ta te  e n e rg y  of n e u tro n s  fo r  even  
n u m b e rs  of n e u tro n s
E* = E q - o fo r  an  odd n u m b e r  of n e u tro n s  and
h a s  th e  s u b s c r ip t  to  in d ic a te  th e  v a lu e  of A in  th e  g round
s t a t e  as  it w ill be  n e c e s s a r y  to  su g g e s t th a t  A  v a r ie s  w ith  te m p e r a tu r e .
W ith  a  s im i l a r  d ev e lo p m en t fo r  p ro to n s  th e  f r e e  e n e rg y
m ay  be  w r it te n  a f te r  tw o  sa d d le  po in t in te g ra t io n s  a s
- / S F  = g (_TL -  tl)-4 < E * - E 0 ) + lo g i f _  - i l o g  gn g (3 .1 1 )
1 (i6 2 7 2 tt
W h ere  - ( E >:< - E Q) = 0 fo r  e v en  n u c le i
= fo r  odd m a s s  n u c le i ( 3 . 12)
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-(ey- t 0') -  / \ 0  fo r  odd n u c le i
and u s in g  ^ N =
-----  &n
'bJX n
H ence // = ^ / F
l/S
= g t2 ^ 7T^ .  + itgX  A c o tX  - t - ( E o - E * )
(3. 13)
(3 .1 4 )
w h e re  no v a r i a t i o n  of A w ith  t e m p e r a tu r e ^ h a s  b e e n  a s s u m e d ;  and
(JO { U , N , Z )  = exp f2 g t {  6  ~ 2 \  + j t g  A X cotX  - l H
I ß T ? ' *  t  g f- > utty (3. 15)
F r o m  (3. 14)
- )> UL =
Y
\  2 ) + g t2 X A c o t \  
2 )
- ig t  (c o t2 X - X cot X c o s e c 2 X ) -  t^  (3 .1 6 )
(3. 16) g iv e s  im m e d ia te  p o in t to  th e  n e c e s s i ty  to  find  s u ita b le  
s im p le  a p p ro x im a tio n s  fo r  th e  e x p re s s io n s  d e r iv e d . It sh o u ld  b e  
no ted  f ro m  th e  e x ac t e x p re s s io n s  h o w e v e r , th a t  a s  A te n d s  to  
z e r o ,  so  d oes X and  in  p a r t i c u la r  th a t  th e  r ig h t  hand  s id e  of (3. 6) is
3 2co n tin u o u s w ith  2gt ' T f -  t  w h ich  is  i t s  v a lu e  in  th e  c a s e
w h e re  A d o es  not e n te r  th e  a rg u m e n t.
H I. 4 A n g u la r  M o m en tum  w ith  a P a i r in g  E n e rg y
F i r s t  c o n s id e r  a n g u la r  m o m e n tu m  p a ra H e l to  th e  s y m m e try  
a x is .  If a p a i r  b e lo n g s  to  th e  p ro je c te d  v a lu e  t  m  fo r  th is  a x is ,  
th e n  th e  p ro b a b ili ty  of p ro je c t io n  z e r o  is  (fo r th e  i**1 p a i r  of n e u tro n
s ta te s )
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1 + exp 2 fi ( / xn  -  g  m-)_________________________
1 + 2 exp ^ ( «  -  £ n i * 5A  ) + exp  2^5 ( y tn  -  e n i) (4 - 1)
w hich  i s  th e  su m  of th e  p ro b a b i l i ty ,  p ( 0 ) ,  th a t  b o th  th e  p a i r  of 
s ta te s  a r e  u n o c c u p ie d , and  th a t ,  p(+ and - ) ,  th a t b o th  s ta te s  a r e  
f i l le d . T he p ro b a b il i ty  fo r  i s  eq u a l to  th e  p ro b a b ili ty  - irq  
w hich  is  one h a lf  p(+ o r  - ) ,  th e  p ro b a b ili ty  th a t one o r  o th e r  b u t 
not b o th  s ta t e s  a r e  o c cu p ie d .
e x p / ! ( /< „  -  £ n i - >
ip (+  o r  - )  = --------- ^--------------------------------------------------------------------
1 + 2 e x p ^  M  - *A  ) + exp 2 ^ ( y / n  - £ n i ) (4 . 2)
T he  m ean  v a lu e  of th e  p ro je c te d  sp in  m^ i s  th u s  z e r o  and th e  m e a n
2
s q u a re  of th e  p ro je c t io n  m^ i s  g iv en  by
m ^  = m ^  p(+ o r  - )  (4 . 3)
F o r  a  s e t of p a i r s  w ith  no c o r r e la t io n  b e tw ee n  d if fe re n t p a i r s
M2 = ^ m 2. p ^ + o r  - )  (4 .4 )
2 m 2 y / ~  by (3 .3 ) (4 .5 )
F o r  ev en  n u c le i  th is  c o m e s  to
M 2 = m 2gt \co t)v  (4 .6 )
2 ~If A ß  i s  s m a l l  X co t X te n d s  to  one and h en ce  M h a s  i t s  v a lu e  
(II. 4) fo r  an  a s s e m b la g e  of in d ep en d en t p a r t i c l e s .  At th e  o th e r  
e x tre m e  a la r g e  v a lu e  of w ill m e a n  th a t  M w ill be  v e ry  s m a l l
s in c e  X r e m a in s  f in ite  w hile  co t X te n d s  to  z e r o .  U n d e r th e s e  
c o n d itio n s , w ith  an  odd m a s s  n u c le u s  th e  c o n tr ib u tio n  of th e  
u n p a ire d  p a r t ic le  w hich  m u s t a lw ay s be  p r e s e n t  w ill be  im p o r ta n t  
and in s te a d  of (4. 6) th e r e  w ill in  th is  c a s e  be
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'g t \  c o t \  + fo r  an  odd m a s s  n u c leu s
and
(4 .6 a )
2 2 \  2M = hi gt X co t X + 2m  fo r  an odd n u c le u s .
If (4 .6 )  i s  u s e d  in  p la c e  of (II. 4. 9), c t m ay  be  r e p la c e d  
by c ’t  w h e re
c* = c Xcot X for ev en  n u c le i
= c XcotX + m ^ / t  f o r  odd m a s s  n u c le i
-  cX cotX + 2 m ^ / t  f o r  odd n u c le i .
( I I .4 . 13) b e c o m e s  fo r  th e  p a i r e d  c a s e
- M 2 / 2 c ’tu; ( U ,N ,Z ,M )  = c iu (U ,N ,Z )
(27Tc»t) i
(4 .6 b )
(4 .7 )  
(4 .7 a )  
(4. 7b)
(4 .8 )
T h e  in te r p r e ta t io n  of c a s  a  m o m en t of in e r t i a  g iv en  by 
M iss  L a n g  and  L e  C o u te u r  (L a 54) i s  e s p e c ia l ly  c l e a r  h e re  s in c e  
th e  s m a l l  v a lu e  of c T i s  o b v io u sly  co n n ec ted  w ith  a la rg e  e n e rg y  
r e q u ir e d  to  e x c ite  la r g e  v a lu e s  of th e  a n g u la r  m o m e n tu m .
In  th is  c a s e  th e  a x is  sp e c if ie d  a s  th e  ^  ax is  i s  not 
ra n d o m ly  c h o se n  and. th u s  th e  f u r th e r  s te p s  ta k e n  in  (II. 4 . 2 0 -2 3 ) 
do not fo llo w .
F o r  an  ev en  n u c le u s  th e  g ro u n d  s ta te  h a s  sp in  z e r o  and  it 
w ill b e  a s s u m e d  th a t fo r  e x c ite d  s ta te s  if  a ll th e  o ccu p a tio n  n u m b e rs  
p+ and  p -  h a v e  p r e c is e ly  t h e i r  m e an  v a lu e  in  th e  G ibbs en sem b le^  
th e n  th e  a n g u la r  m o m e n tu m  of an ev en  n u c le u s  i s  z e r o .  F lu c tu a tio n s  
of th e  o c c u p a tio n  n u m b e rs  aw ay f ro m  th e i r  m e a n  v a lu e  g ive r i s e  to  
a non z e r o  v a lu e  fo r  th e  m e a n  s q u a re  a n g u la r  m o m e n tu m . S ince
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th e  n u c le u s  i s  a s s u m e d  to  h av e  a x ia l s y m m e try  about th e  z a x is  th e  
f lu c tu a tio n s  about th e  x and th e  y  a x es  m ay  be t r e a te d  to g e th e r
J x 2 + Jy 2 - ^  « ix 2 + V 2 ) n i + 2 -  <ni + )2 + (n i - ) 2 -  (ni 
s in c e  th e  c o m p o n en ts  a r e  not p a ir e d  in  th e  x , y  p lan e  and th e  
s ta t e s  c+  and  c -  th u s  c o n tr ib u te  in d e p e n d e n tly . Now n^+, say  
ta k e s  only  th e  v a lu e s  0 o r  1 and so
(4 .9 )
ni + = ni + = n  ^ - = n^ (4 .1 0 )
(4 . 11 )
= e x j ^ t / -  f  M -  i  A)  + exp  I ß  {JX- <Z 
1 + 2expX  ( y i -  - 5 A ) + exp  2ys f ^ )
u s in g  (4 .1 )  and (4. 2) .
Now fo r  any  p a r t ic le  s ta te  th e  m o d e l g iv e s  a d e fin ite
2 2v a lu e  of and h en ce  th e  v a lu e  of j^x + h a s  b e e n  a s s u m e d
p
to  b e  e q u a l to  2m^ .
T h e n  ( 4 . 9)  m ay  be  e v a lu a te d  a s
— ; -------7  £  [ e x p / ( / < - £ n i - * A ) + e x p V ( ^ - f n i ) ] xJ  ^ + J  1 = 5  2m.  2) --------------------------- ------------------------------ J /Nx y  l i  ' '
{ l  + 2exp fi  ( j J - (  ^  -  J *  ) + exp 2 / i  (y « -
X ( l  + exp^> (/< - -  iA )|  ( 4 .1 0 )
L2 [  ' a ß } _ + 2 V / (4 . 11 )
y A
= m ^g t (1 + X co t X)  (4 .1 2 )
W hen A  0 (4. 10) r e d u c e s  to  tw ic e  th e  e x p re s s io n  found in  
(II. 4 . 8) and  (4. 12) te n d s  s im i la r ly  to  tw ic e  th e  e x p re s s io n  (II. 4 .10)
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F o r  ß  A  l a r g e  th e  sec o n d  t e r m  in  b ra c k e t  in  (4. 12) d is a p p e a r s
and  th e  m e a n  s q u a r e  a n g u la r  m o m e n tu m  about an  a x is  p e rp e n d ic u la r
~  2 ~to  th e  s y m m e try  a x is  i s  2 ^  gt w hich  i s  one h a lf  th e  v a lu e  show n in  
th e  c a s e  of A = 0 and  so  in d ic a te s  a  m o m en t of i n e r t i a  of abou t 
h a lf  th e  r ig id  body v a lu e . If th e  n u c leu s  i s  s tro n g ly  d is to r te d  
th e r e  sh o u ld  b e  no doubt of th e  co u p lin g  of s ta t e s  in  p a i r s  a c c o rd in g  
to  t h e i r  p ro je c te d  a n g u la r  m o m e n tu m  on th e  s y m m e try  a x is .  It i s  
of i n t e r e s t  to  no te  th a t  th e  e x p e r im e n ta l  m o m en t of in e r t i a  in  th i s  
c a s e  i s  (s e e  K e rm a n  (Ke 58), f ig . 13) c lo se  to  th e  v a lu e  \  th e  r ig id  
body  v a lu e . In  th is  c a s e  th e  a n g u la r  m o m e n tu m  w ill be  c a r r i e d  
a lm o s t  e n t i r e ly  by  e x c ite d  p a i r  s ta t e s .  A lso  b e c a u s e  of th e  e x c lu s io n  
p r in c ip le  th e  r e s u l ta n t  a n g u la r  m o m e n tu m  of any p a i r  w ill be  ev en .
T h u s  fo r  an  ev en  n u c le u s  th e  p re d ic t io n  i s  m ad e  th a t m o s t 
of th e  a n g u la r  m o m e n tu m  at low  e n e r g ie s  w ill be  c a r r i e d  by 
e x c ita t io n  in v o lv in g  ro ta t io n  about an  a x is  p e rp e n d ic u la r  to  th e  
s y m m e try  a x i s ,  w ith  th e  p r e f e r r e d  v a lu e s  of th e  a n g u la r  m o m e n tu m  
e v e n , and w ith  a m o m en t of in e r t i a  c o n s id e ra b ly  re d u c e d  f ro m  th e  
r ig id  body  v a lu e .
W hile  th e  th e o ry  i s  s t a t i s t i c a l ,  i t  i s  e n c o u ra g in g  to  no te  
th a t  su ch  q u a li ta t iv e  f e a tu r e s  a r e  in  fa c t found in  th e  low  ly in g  
le v e ls  of e v e n  n u c le i (Bo 56). T h e  o b s e rv e d  r e g u la r i t i e s  of th e  
e n e r g ie s  of th e s e  s ta t e s  m ak e  i t  a p p a re n t th a t  c e r ta in  r e g u la r  
m ix tu r e s  of su ch  p a i r  s ta t e s  a r e  in v o lv ed  in  e a c h  of th e  f i r s t  few  
s ta t e s  of a  n u c le u s  p ro d u c in g  th e  v a lu e  z e r o  fo r  th e  g round  s ta te
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s p in , tw o f o r  th e  sp in  of th e  f i r s t  r o ta t io n a l  le v e l ,  and  so  on.
E l l io t t  (E l 58) h a s  a lr e a d y  show n how  th e  c o lle c tiv e  ro ta t io n a l  
b an d s  in  so m e  lig h t n u c le i a r e  b u ilt  up f ro m  in d iv id u a l p a r t ic le  
m o tio n s .
It i s  th e r e f o r e  p o s s ib le  on th e  m o d e l g iven  h e r e  to  d e s c r ib e  
th e  lo w e r  e n e rg y  s ta t e s  of th e  n u c le u s  in  t e r m s  of p a i r  e x c ita tio n  
of s in g le  p a r t ic le  s ta t e s  and  i t  does not s e e m  n e c e s s a r y  to  in tro d u c e  
in  th is  d e s c r ip t io n  an  e n e rg y  gap in  s in g le  p a r t ic le  s ta t e s  a s  s u g g e s te d  
by  B o h r , M o tte lso n  and  P in e s  (Bo 58). T h is  w as r e q u ir e d  a s  a 
m e a n s  of s u p p re s s in g  s in g le  p a r t ic le  s ta te s  w h ich , a s  h a s  b e e n  
m e n tio n e d , a r e  a p p a re n tly  m is s in g  if  th e  low  e n e rg y  s p e c t ru m  i s  
c o m p le te ly  d e s c r ib e d  in  t e r m s  of v ib ra t io n a l  and  ro ta t io n a l  s ta t e s .
It i s  th e n  r e a s o n a b le  to  co n c lu d e  th a t  a ll  s ta t e s  of th e  
n u c leu s  a r e  co u n ted  in  th e  su m  o v e r  s ta te s  (3 .2 )  w ith  th e  p ro to n  
f a c to r  in c lu d e d . T h is  v iew p o in t d if f e r s  f ro m  th a t  of E r ic s o n  (E r  58) 
who c o n s id e re d  e a c h  le v e l d e r iv e d  f ro m  a fo rm  e q u iv a len t to  
(3. 2) to  be th e  p a re n t  of a  ro ta t io n a l  band  g iv ing  r i s e  to  an  in c r e a s e  
in  th e  n u m b e r of s t a t e s .
F r o m  th is  u s in g  a c o n v en tio n a l v a lu e  of g and of A  , 
w hich  w as a s s u m e d  c o n s ta n t ,  he w as ab le  to  find  su ff ic ie n t 
s ta te s  of low  a n g u la r  m o m e n tu m  to  a g re e  w ith  th e  n u m b e r  of le v e ls  
found at th e  n e u tro n  b in d in g  e n e rg y . It h a s  h o w e v e r , b e e n  found 
u s in g  r e s u l t s  show n in  C h a p te r  VI th a t th e  n u m b e r  of s ta te s
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g iven  by  (3. 15) i s  in s u ff ic ie n t to  give th e  o b s e rv e d  le v e l d e n s ity  
a t th e  n e u tro n  b in d in g  e n e rg y  u n le s s  A is  d e c r e a s e d  b e lo w  A  , 
th e  v a lu e  fo r  th e  g ro u n d  s ta t e .
T he c o m p o n en ts  of a n g u la r  m o m e n tu m  w ill add  v e c to r ia l ly  
so  th a t th e  le v e l d e n s ity  w ith  a n g u la r  m o m e n tu m  J  (II. 4 . 22) i s  
m o d ified  to
W ( U ,N ,Z ,J )  = w ( U , N , Z ) - 4 - ^ - clft^  e (4 .1 3 )
w ith  c "  = ( c lY ( ic  + I c ' ) 4  (4 .1 4 )
p ro v id e d  c ' i s  not to o  d if fe re n t  f ro m  c + c 1 .
2
F o r  a  s p h e r ic a l  n u c leu s  th e  d ep en d en ce  of th e  to ta l  
e n e rg y  on th e  s e n io r i ty  q u an tu m  n u m b e r  m ay  be  c ru d e ly  
r e p r e s e n te d  a s  a  te n d e n c y  fo r  lik e  n u c leo n s  to  co u p le  in  p a i r s  w ith  
to ta l  a n g u la r  m o m e n tu m  z e r o .  If th e  co u p lin g  e n e rg y  c a n  be 
r e p r e s e n te d  by  A  th e n  (4. 6) g iv e s  an  e s t im a te  of th e  v a r ia n c e  of 
th e  a n g u la r  m o m e n tu m  in  any  d irec tio n ^ n o t ju s t  in  th e  d ir e c t io n  
of th e  d e fo rm a tio n  a x is .  T h e re fo re  th e  p ro b a b ili ty  of a n u c le a r  
le v e l of a n g u la r  m o m e n tu m  J  i s  g iv en  by  (4. 13) w ith  c l s u b s t i tu te d  
fo r  c .
A s h a s  a lre a d y  b e e n  in d ic a te d  E r ic s o n  (E r  58) h a s  
c o n s id e re d  th e  m o d e l fo r  th e  p a ir in g  e n e rg y  s im i l a r  to  th a t g iv en  
h e r e ,  bu t he  so lv e d  fo r  th e  to ta l  n u m b e r  of s ta t e s  by  c a lc u la tin g  
th e  n u m b e r of s ta t e s  w ith  a  fix ed  n u m b e r  of u n p a ire d  p a r t i c le s  
and th e n  add in g  u p . T he  r e s u l t s  of th is  p ro c e d u re  w e re  not p e rh a p s
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so  e x p lic it a s  th o s e  w h ich  m ay  be  d e r iv e d  a f te r  th e  in te g ra t io n  
in  (3. 5) i s  c a r r i e d  out^but a g re e d  w ith  th e  fo rm s  quo ted  h e r e  u n til  
th e  a n g u la r  m o m e n tu m  d ep en d en ce  w as in tro d u c e d .
III. 5 A p p ro x im a te  F o r m s  of F o r m u la e  In v o lv in g  P a i r in g  E n e rg y  
In  a tte m p tin g  to  m ak e  th e  c a lc u la t io n s  of q u a n tit ie s  
r e q u ir e d  by  th e  p re v io u s  s e c t io n s ,  i t  i s  im m e d ia te ly  obv ious th a t  
s im p le  a p p ro x im a tio n s  a r e  e s s e n t ia l .
A s im p le  and u s u a l p ro c e d u re  is  to  u se  a  p o w e r s e r i e s  
fo rm  fo r  X 2 in  t e r m s  of ß A  . T h u s  so lv in g  th e  eq u a tio n
w hich m u s t be  c o n v e rg e n t fo r  f in ite  ß  A  bu t w h ich  is  to o  s lo w ly
c o n v e rg e n t to  be  a c c e p ta b le  fo r  ßA  >  2. F o r  n u c le i of A<C 100
~2
th is  r e q u i r e s  t >  0. 6 , i . e .  , a  r e g io n  of c o n s id e ra b le  i n te r e s t  i s  
e x c lu d e d . Som e c o n se q u e n c e s  in  th e  h igh  te m p e r a tu r e  re g io n  m ay  
h o w ev er be n o ted .
~ 2  2 
7T gt .  t  - g A
6 12
exp (' r 2
, Z , U ) =  1. 3
,  A  3 4
+ g A  .......  - f t  -
90t 1680t2  ^ °
gt - 1 -  ig A  + g A 3 + g A 4
180 t2 2 5 2 Of.3
1 2 C r t)*  ( g / 6 ) ?/*
2
}
:p l2ßrg u' ' t ']
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w h e re  U ' = U + (E Q - E * ) + g A
12
U and U* d if f e r  by  a c o n s ta n t .  T h e n  d lo g  uj , w hich  i s  th e
d U
r e c ip r o c a l  of ' V , h a s  th e  v a lu e  a p p ro p r ia te  in  th e  in d ep en d en t
p a r t ic le  m o d e l to  U '.  T he  le v e l  d e n s ity  h o w e v e r i s  re d u c e d  by
th e  c o n s ta n t f a c to r  e ^ ^  ^  f ro m  th a t a p p ro p r ia te  to  U h  A t h ig h
e n e r g ie s  w h e re  i s  th e  only  m e a s u ra b le  q u a n tity , and s lo w ly
v a ry in g  w ith  U , th e  m o d e l p r e d ic ts  no a p p a re n t d if fe re n c e  f ro m
th e  s im p le  in d e p e n d e n t p a r t ic le  t r e a tm e n t .  S ince  th e  p a ir in g
e n e rg y  e ffe c t i s  a s s o c ia te d  w ith  c o r r e la t io n s  b e tw ee n  s ta t e s  i t
w ould not b e  s u r p r i s in g  if  th e  v a lu e  of A and h en ce  th e  d if fe re n c e
f ro m  th e  In d e p e n d en t P a r t i c l e  m o d e l w e re  to  s h r in k  o r  ev en
v a n ish  a s  th e  n u c le u s  b e c o m e s  h ig h ly  e x c ite d .
In  v iew  of th e  fa il in g s  of th e  p o w er s e r i e s  t r e a tm e n t
it  i s  d e s i r a b le  to  e x a m in e  th e  low  e n e rg y  c a s e  in  m o re  d e ta i l .
- / 2  v
If  e 1 = c o s  A is  s m a l l
X as \  ~e x p f - j / M
T h e n  Tf2 - f  ^  J 2 + T -  e - J £
6 2 "" 24 2
T h is  a g a in  can n o t b e  v a lid  in to  th e  re g io n  w h e re  i s  v e ry  s m a l l
bu t th e  fo r m
ir2 - .  nr2 n ^a: —;— (1 + 3e 
Z  24





and i s  s i m i l a r  to  (5 . 7) in  s t r u c tu r e .  T o  fin d  th e  v a lu e  of f o r  a
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c lo s e  a p p ro x im a tio n  a t a ll  v a lu e s  of A  if c an  be no ted  th a t j
4
is  a p p ro p r ia te  f ro m  (5. 7) w h ile  —9 g iv es  th e  f i r s t  t e r m  in s id e  th e
7l z
s q u a re  b r a c k e ts  in  (5. 1) c o r r e c t ly .  A s a  c o m p a r is o n  g iv en  in  
T a b le  1 sh o w s , any v a lu e  a ro u n d  0 .4 4  w ill give a  good d e s c r ip t io n .
T A B L E  1
C o m p a r is o n  of A p p ro x im a tio n s  to  
(3 .6 )
<1 4 -  3 ( ^  )2 l  + 3 e - ° * 4 ^
1 + 3 e - 0 . 4 3 7 A /
0 4 4 4
1 2. 97 3 .0 0 2. 94
2 2. 27 2 .35 2. 25
3 1 .8 0 1. 90 1. 81
4 1. 50 1 .60 1. 52
5 1. 31 1 .4 0 1. 34
oo 1 1 1
H ence U =  ^0. 25 + 0. 75 (1 + ^ ) e x p ^ ~ ^ ^ j  _t (5 .9 )
and H I  = 6XPI ¥  2 gt [ 0 . 2 5  + 0. 75 (1 + 2"t ) exp  (T > ]  - l ]
V, Jx, (5 .1 0 )i2(irtr (g/6)^
w h ere  a  = oCA (5 .1 1 )
2
a lso  f ro m  (4. 5) c 1 ^  m 2 ^ ^  ^  exp  [ - A /tj (5 .1 2 )
and a p p ro p r ia te  a d d itio n s  a r e  to  be m ade  fo r  odd m a s s  and  odd
n u c le i . (5. 9), (5. 10) and (5. 12) show  d ir e c t ly  th e  t r a n s i t io n  f ro m  
low  e n e rg y  to  h igh  e n e rg y  v a r ia t io n  and a r e  s u b s ta n tia l ly  a c c u ra te  
o v e r  th e  w hole ra n g e  of e n e rg ie s  of in te r e s t .
I l l . 6 A p p lic a tio n  of G ap S u p e rc o n d u c tiv ity  T h e o ry  to  th e  N u c leu s
T he  th e o ry  of B a rd e e n  C o o p e r  and  S c h r ie f f e r  (B a 5 7)
of th e  s u p e rc o n d u c tin g  s ta te  in  a s o l id  n eed s  in  g e n e r a l ,  only  c h an g e s
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in  te rm in o lo g y  to  b e  a p p lic a b le  to  a n u c le u s . W hile  in  a m e ta l  
th e r e  a r e  a s s u m e d  to  be  in te r a c t in g  e le c t ro n  p a i r s  in  w hich  th e  
e le c t r o n s  a r e  a lik e  ex cep t in  s p in , in  th e  n u c le u s  th e s e  w ill be  
n u c leo n s  w hich a r e  a lik e  e x ce p t in  th e  p ro je c t io n  of t h e i r  a n g u la r  
m o m e n tu m  on th e  s y m m e try  ax is  in  th e  n u c le u s .
A s tu d y  m ak in g  th e  a p p ro p r ia te  c h a n g e s  h a s  b e e n  m ad e  by 
B e ly ae v  (Be 59) b u t i s  c o n c e rn e d  w ith  th e  s t r u c tu r e  of th e  f i r s t  few  
e x c ite d  s ta t e s  and  m a k e s  no p re d ic t io n s  c o n c e rn in g  th e  h ig h e r  e n e rg y  
s p e c t ru m . It i s  r e a s o n a b le  h o w e v e r to  be gu ided  by  B e ly a e v ’s d i s c u s s ­
io n  in  e s ta b lis h in g  th e  c o rre s p o n d e n c e  in  th is  re g io n  b e tw ee n  a m e ta l  
and th e  n u c le u s . G rif f in  and R ich  (G r 60) h av e  show n th a t  B e ly a e v  g iv es  
an  a c c u ra te  p re d ic t io n  of m o m e n ts  of in e r t i a  in  th e  R a re  E a r th  r e g io n .
In  th e  BCS th e o ry  of a m e ta l  th e r e  i s  a  c o n s ta n t p o s itiv e  
in te r a c t io n  b e tw ee n  a p a i r  of e le c t ro n s  in  a s ta te  k  and  a p a i r  of 
h o le s  in  a  s ta te  k ' , and v ic e  v e r s a ,  T he s y s te m  is  no lo n g e r  
d e s c r ib e d  in  t e r m s  of p u re  B lo ch  w ave fu n c tio n s  fo r  p a i r s .  E a c h  
p a i r  s ta te  n e a r  th e  F e r m i  s u r f a c e  i s  found to  h av e  a f in ite  co m p o n en t 
of o ccu p a tio n  and a c o r re s p o n d in g  f in ite  co m p o n en t of th e  em p ty  s ta te  
ev en  in  th e  g ro u n d  s ta te  of th e  s y s te m . E x c ite d  s ta te s  a r e  o b ta in ed  
by  s p li t t in g  p a i r s  to  g ive s in g le  p a r t ic le  o c cu p a tio n  of th e  tw o p a i r  
s t a t e s ,  o r  by  e x c ite d  p a i r  s t a t e s ,  e a c h  of w hich  h a s  co m p o n en ts  of a 
p a i r  o r th o g o n a l to  th e  n o rm a l c o m p o n en ts  of o c cu p a tio n . T h e se  
e le m e n ta ry  e x c ita tio n s  p ro d u c e  a change  in  th e  B lo ch  e n e rg y  of 
th e  s y s te m  and a lso  a  ch an g e  in  th e  in te r a c t io n  e n e rg y .
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It i s  found th a t  th e  to ta l  ch an g e  of e n e rg y  of th e  s y s te m  
p e r  p a r t ic le  c o n s id e re d  to  be in v o lv ed  i s  in d ep en d en t of w h ich  
ty p e  of e x c ita tio n  is  u s e d . T h is  m a k e s  p o s s ib le  a g a in  a d e s c r ip t io n  
of th e  e n e rg y  of th e  s y s te m  in  t e r m s  of s in g le  p a r t i c le  e x c ite d  
s ta te s  w ith  e n e rg ie s
E k + ®2 ( 6 - 1)
E^. i s  th e  B lo ch  e n e rg y  and 9 i s  th e  so lu tio n  a p p ro p r ia te  to  th e  
te m p e r a tu r e  of th e  e q u a tio n
(6 . 2 )
H e re  V is  th e  c o n s ta n t in te r a c t io n  b e tw ee n  p a i r s  and th e  s u m m a tio n  
g oes in  th e  e le c t r o n  c a s e  o v e r  p a i r  s ta te s  w hose  e n e rg y  d if fe re n c e  
f ro m  th e  F e r m i  le v e l i s  l e s s  th a n  th e  phonon e n e rg y  !\ cu. In  th e  
n u c le a r  c a s e  th is  w ill be  r e p la c e d  by  su m m in g  o v e r  s ta te s  in  th e  
s h e ll  w hich is  b e in g  f i l le d .  A d a p ta tio n  of th e  eq u a tio n s  of BCS to  
th e  fo rm s  g iven  b e lo w  is  s t r a ig h t  fo rw a rd
- /3e
T h u s U = 2Ek k  I -E  1 + 02
k l' + e - / * E k k 1 ' kl kJ V
(6 .3 )
T he f i r s t  su m m a tio n  c o r r e s p o n d s  to  th e  s in g le  p a r t ic le  e x c ita tio n s  
f ro m  (6 .1 )  and th e  se c o n d  p a r t  i s  a  c o n d e n sa tio n  e n e rg y  in d ep en d en t 
of p r e c is e ly  w hich  s in g le  p a r t ic le  s ta te s  a r e  o ccu p ied .
F  = - 2 T ^ l o g ( l + e - / 3 E k ) + | [ ( f J  . e ^ + Q *
V
(6. 4)
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and  S = ß >  (U - F )
-  /?Ei
+ lo g  (1 + e ' ^ (6 .5 )
E n e rg ie s  U and F  a r e  m e a s u re d  in  (6 .3 )  and (6 .4 )  f ro m  th e  g round  
s ta te  of th e  B lo ch  o r  non in te r a c t in g  s y s te m .
If 0Q i s  th e  v a lu e  of 0 in  th e  g round  s ta te  th e  e x p re s s io n  
fo r  th e  c o n d e n sa tio n  e n e rg y  a t any te m p e r a tu r e  i s
g is  tw ic e  th e  d e n s ity  of p a i r  s ta te s  a t th e  F e r m i  le v e l .  
M e a su re d  f ro m  th e  a c tu a l g ro u n d  s ta te  th e  e x c ita tio n  e n e rg y  U 
w ill be
In c o m p a r is o n  w ith  an  a c tu a l n u c le u s  th e  e n e rg y  s c a le  m ay  be 
e s ta b lis h e d  by m e a n s  of th e  odd ev en  e ffe c t . T he odd m a s s  n u c leu s  
a lre a d y  h a s  an  u n p a ire d  p a r t ic le  in  one s ta te  w hich  d e s tr o y s  th e  
in te r a c t io n  e n e rg y  c o n n e c te d  w ith  th a t  p a i r  s ta te  and c an  e a s i ly  be 
s e e n  to  c o r r e s p o n d  to  a  s in g le  p a r t ic le  e x c ita tio n  b e in g  a lre a d y  
p re s e n t  (Mo 58). W ith  0Q c o n s id e ra b ly  l a r g e r  th a n  th e  e n e rg y  
of a s in g le  (n o n in te ra c tin g ) p a r t ic le  le v e l  s p a c in g , 0Q^  A of
s e c tio n  3. In  th e  BCS th e o ry  th e  v a lu e  of 0 b e c o m e s  z e r o  at 
te m p e r a tu r e  t* » 0 . 57 0Q
w hich  n e g le c tin g  t e r m s  of o r d e r
(6 . 6 )
(6 .7 )
2
( 6 . 8 )
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H e re  U m e a s u re d  f ro m  th e  g ro u n d  s ta te  i s  a p p ro x im a te ly  
3. 2 t im e s  th e  c o n d e n sa tio n  e n e rg y  in  th e  g round  s ta t e .
S im p le  c o m p a r is o n  of th e s e  r e s u l t s  w ith  th o s e  of B e ly ae v  
i s  not e a sy  and r u th le s s  a p p ro x im a tio n  of th e  l a t t e r  i s  r e q u i r e d .  
B e ly ae v  c o n s id e r s  th e  f i l le d  s h e l l  a s  th e  r e f e r e n c e  po in t of 
e n e rg y . A s te rm in o lo g y , a  s h e ll  w hich  w hen f il le d  h o ld s  2 Jl 
p a r t i c le s  a c tu a lly  c o n ta in s  N , th e  p a i r  s ta te s  a r e  u n ifo rm ly  
d is tr ib u te d  in  e n e rg y  w ith  d e n s i t y ^  , and th e  c o n s ta n t in te r a c t io n  
b e tw een  p a i r s  i s  G.
T he s h e ll  e n e rg y  of th e  g round  s ta te  i s  th e n
T h is  i s  m e a s u re d  f ro m  th e  e n e rg y  of th e  s a m e  n u m b e r of p a r t i c l e s  
in  a c lo se d  s h e ll  c o n f ig u ra tio n  and i s  z e ro  if  th e  s h e ll  i s  em p ty  
o r  f i l le d . The e n e rg y  of th e  f i r s t  in t r in s ic  e x c ite d  s ta t e s  of an  
ev en  n u c leu s  i s
T h is  q u an tity  is  th u s  a  c o n s ta n t fo r  a  g iven  s h e l l .  E x p e r im e n ta l ly  
it i s  h ig h e r  n e a r  a c lo se d  s h e ll  c o n f ig u ra tio n  th a n  in  th e  m id d le  of 
a  s h e ll .
A g a in  th e  u n p a ire d  p a r t ic le  in  th e  odd ev en  e ffe c t sh o w s i t s e l f  
by  re m o v in g  an  in te r a c t io n  e n e rg y  f ro m  th e  s y s te m  w hich  is
(6 .9 )
( 6 . 10 )
eq u iv a len t to
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2N
( 1  - ™ )2 JL \ 3 T [
T h is  q u an tity  is  to  be  c o m p a re d  w ith  th e  p a ir in g  e n e rg y , A /z  
in  (3. 1). M e a s u re m e n ts  of A  h o w e v e r a lw ay s u se  a  d if fe re n c in g  
p ro c e d u re  in  th e  g ro u n d  s ta te  e n e r g ie s .
U sin g  (6. 9) and (6. 11) to g e th e r  g iv es  
A
( 6 . 11 )
1 r>n I 2N " , N~\ 1 _
2 ^ G \  i 1 ~on ) +  -  G (6 . 12 )2 ~ 2 \  ST 29. ' ' 2
T h e  c o r r e c t io n  t e r m  is  s m a l l  bu t not n e g lig ib le . A c tu a l 
m e a s u re m e n ts  su ch  a s  th o s e  of Jo h n so n  and B hanot (Jo  5 7) 
do not su p p o rt th e  id e a  of a  m a x im u m  of A in  th e  m id d le  of
IT
a m a jo r  s h e l l ,  but in  th e  c a s e  of le a d  do su p p o rt th e  id e a  of a 
v e ry  s m a ll  p a ir in g  e n e rg y  c lo se  to  a  s tro n g ly  c lo se d  c o n f ig u ra tio n . 
N e a r  th e  m id d le  of a  s h e ll  in  th e  B e ly ae v  m odel A
~ T
i s  eq u iv a len t to  th e  e n e rg y  of th e  f i r s t  (p a ir)  e x c ita tio n . It w ill 
h o w e v e r be  c o n s id e ra b ly  s m a l le r  th a n  th is  v a lu e  n e a r e r  th e  c lo s e d  
s h e l l s .  T h is  q u a lita tiv e  p re d ic t io n  i s  fu lf il le d .
III. 7 A p p ro x im a tio n s  fo r  th e  N u c leu s  C o n s id e re d  a s  a S u p e rc o n d u c to r  
It i s  e a s i ly  s e e n  to  be  c r u c ia l  to  find  a s im p le  
a p p ro x im a tio n  fo r  F .  F o llo w in g  on s e c tio n  5 a  f i r s t  a tte m p t is  
m ade  to  find  so m e th in g  w hich  is  a c c u ra te  at b o th  e x tre m e  v a lu e s  
of 9.
T he f i r s t  su m m a tio n  in  (6 .4 )  is  in i t ia l ly  re p la c e d  by
an  in te g r a l .
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2 \  log  (1 - $  E k r 6 ~ & /  6 2 + o 2+ e k ) = 2g log  (1 + e r  v ) d£ (7 .1 )
F o r  0 = 0 = g T 2 (7 .2 )
¥
F o r  0 '— ~  g e ' ^  9 (2 77/3 9)* (7 .3 )
T h e s e  t o g e th e r  su g g e s t
_  g T 2 e ' / 3 9  (1 + 72/3 9)* (7 .4 )
^  1 7 “  t  t n
g T r2 e ^  9 (1 + 2/3 9)
6/3
(7 .5 )
(7 .4 )  h a s  th e  e x t r a  m e r i t  of g iv ing  th e  r ig h t  va lu e  of th e  i n t e g r a l  
o v e r  0 f r o m  z e r o  to  in f in i ty .  In ad d it io n  to  b e in g  s im p l e r  
h o w e v e r  (7. 5) h a s  th e  c o r r e c t  va lu e  c lo s e  to  0 = 0. T he  s u m m a t io n  
fo r  U in  (6. 7) i s  th e n
2 ^  E k e ‘ ^ Ek g i r 2 e ‘ ^  9 (1 + 2/3 9 + 2 ( ß  9 )2 )
1 + e ' / 3 E k  6/1 (1 + 2/3 Ö)
H ence C Z^  2 g n r 2 e ~ f i  9 (1 + 2 /S 0 ) 2 (U -  C)
J  6/S '
(7 .6 )
(7 .7 )
C i s  th e  c o n d e n s a t io n  e n e rg y  t e r m  f r o m  (6. 7)
g (92 + 9 2 log  9 o - 90 2 )
1  ^
_ 2
Since  C i s  a lw ays  + ve and s in c e  at low  e n e r g ie s  U ^ F , S  i s
a lw ay s  r e d u c e d  f r o m  th e  v a lu e  it  would have  in  a s im p le  F e r m i
/
g a s .  To c o m p le te  a d i s c u s s io n  of th e  le v e l  d e n s i ty  it  i s  n e c e s s a r y
_i
to  c o n s id e r  th e  b e h a v io u r  of (- \  U )2. T he  r a t i o  of 'hU to  th e
L1/ &J  ~b{I
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v a lu e  fo r  th e  F e r m i  g as  i s  th e  s a m e  a s  th e  r a t io  of sp e c if ic  
h e a t s 5w hich  i s  of i n t e r e s t  e x p e r im e n ta l ly  in  a m e ta l .  Q u a li ta t iv e ly , 
(Bi 58) fig . 5 , th e  r a t io  is  m u ch  s m a l le r  th a n  one at v e ry  low  
e n e rg ie s  b u t r i s e s  r a p id ly  w ith  te m p e r a tu r e  so  th a t  fo r  a ll 
e n e r g ie s  of in te r e s t  b e lo w  th e  e n e rg y  of th e  t r a n s i t io n  in to  th e  
n o rm a l s t a t e ,  i t  i s  g r e a te r  th a n  o n e .
N e a r  th e  t r a n s i t io n  th e  r a t io  i s  2. 52 in  th e  BCS m odel 
and c h an g e s  d is c o n tin u o u s ly  a t th e  t r a n s i t io n  to  1 a t e n e rg ie s  
above i t .  T he  le v e l d e n s i t ie s  n eed  not h o w ev er ch an g e  d i s ­
c o n tin u o u s ly  s in c e  w hat i s  r e q u ir e d  in  (II. 2. 9) i s  th e  v a r ia n c e  
of th e  e n e r g ie s  of th e  le v e ls  a p p ro p r ia te  to  th e  te m p e r a tu r e  .,or 
so m e  a v e ra g e  v a lu e  of -  ^ U n e a r  th e  sad d le  p o in t. Any 
i r r e g u la r i t y  w ill be  f u r th e r  sm o o th e d  if  th e  t r a n s i t io n s  fo r  
n e u tro n s  and p ro to n s  a r e  a t d if fe re n t e n e r g ie s .  At w o rs t le v e l 
d e n s i t ie s  c a lc u la te d  f ro m  th e  in d ep en d en t p a r t ic le  m o d e l w ill 
be  in  e r r o r  by a f a c to r  of th e  o r d e r  1. 7 and v a lu e s  of g c a lc u la te d  
f ro m  th e  le v e l d e n s ity  w ill be  d e c r e a s e d  by th e  o r d e r  of 1 M eV - ^.
If th e  BCS th e o ry  is  a p p lie d  w ith  th e  va lu e  of th e  f i r s t  e x c ita tio n
e n e rg y  0Q eq u a ted  to  th e  h a lf  p a ir in g  e n e rg y  Z i th e n  th e  c r i t i c a l
~ 2 ~
te m p e r a tu r e  at w hich  th e  t r a n s i t io n  to  a n o rm a l s ta te  ta k e s  p la c e
is  0. 579q = 0. 28A and th e  v a lu e  of th e  c o n d e n sa tio n  e n e rg y  is  
2 2
g^o _ § A  . x h e  e x c ita tio n  at th e  c r i t i c a l  te m p e r a tu r e  i s
T ~  T T
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( 0 .2 8 A ) 2 + ^ j t ~  - 0 . 2 8 A ^ 3 . 1 2  -  -  0. 28A
and th u s  th e  a c tu a l e x c ita tio n  e n e rg y  a t th e  t r a n s i t io n  i s  c lo se ly
th r e e  h a lv e s  of th e  s im p le  F e r m i  g as e n e rg y  at th e  sa m e
te m p e r a tu r e  o r  th r e e  t im e s  th e  c o n d e n sa tio n  e n e rg y .
BCS give th e  fo rm u la  a p p lic a b le  c lo se  to  th e  c r i t i c a l
v a lu e  of /V c ,  i . e .  , th e  t r a n s i t io n  v a lu e
(7 .8 )
F r o m  f ig u re  1 in  BCS (re p ro d u c e d  a s  f ig u re  2) th e  v a lu e s  g iven
in  T ab le  2 m ay  be  d ed u ced .
T A B L E  2
T h e rm o d y n a m ic  V a r ia b le s  in  BCS m odel
T / T c e /e o % c Us 'U c
0. 75 0. 8 0. 38 0. 12
0. 85 0 .6 0 .5 4 0. 25
0. 96 0. 3 0 .8 0 0 .4 9
The v a lu e  U g i s  th e  e n e rg y  w hich  w ould be  d ed u ced  fo r  th e  n u c leu s  
f ro m  th e  e n tro p y  a s  th e  v a lu e  of U if  th e  n u c le u s  w e re  c o n s id e re d
as  a  s im p le  F e r m i  g as w ith  th e  sa m e  v a lu e  of g a s  th e  a c tu a l 
n u c le u s . T he  s u b s c r ip t  c r e f e r s  to  v a lu e s  a t th e  c r i t i c a l  t e m ­
p e r a tu r e .  It w ill be  no ted  th a t  a s  U in c r e a s e s ,  th e  v a lu e  of th e  
d if fe re n c e  U -  Us r i s e s  sw iftly  to  c lo se  to  i t s  l im it in g  v a lu e  of
0. 32UC. T h is  is  o b v io u s ly  co n n ec ted  w ith  th e  u s u a l  m eth o d  of 
a llow ing  fo r  th e  odd e v en  e ffe c t in  le v e l  d e n s i t ie s  by  s u b tr a c t in g  
th e  p a ir in g  e n e r g ie s  a s  a  c o n d e n sa tio n  e n e rg y  f ro m  th e  e x c ita tio n
- 4 9 -
F ig .  2. V a r ia t io n  of th e  e n e rg y  gap (0 of s e c t io n  III. 6) w ith  
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Fig. 1. Ratio of the energy gap for single-particle-like 




e n e rg y  of th e  s y s t e m  and in  w hich  th e  g ro u n d  s ta t e  of an  odd m a s s
n u c le u s  i s  c o n s id e r e d  to  have  no c o n d e n s a t io n  e n e r g y .  T h is  i s  a
r a t h e r  e x t r e m e  a s s u m p t io n  fo r  th e  m o d e l  u s e d  h e r e .  The e s t i m a te d
2
v a lu e  of th e  c o n d e n s a t io n  e n e r g y ,  g , i s  u s u a l ly  so m ew h a t
16
g r e a t e r  th a n  A and h e n ce  th e  a c tu a l  v a lu e  of th e  e n e rg y  to  b e  u s e d  
in  th e  e n tro p y  i s  lo w e r  th a n  th a t  u s u a l ly  t a k e n .  T h is  a g a in  i s  an  
e ffec t  w hich  w ill le a d  to  a  h ig h e r  v a lu e  of g th a n  i s  u s u a l ly  ta k e n .
T he  d i f f e r e n c e  i s  of th e  o r d e r  1 M eV "^ f o r  n o r m a l  n u c le i .
It m ig h t  b e  s u g g e s te d  on th e  b a s i s  of B e ly a e v 's  w o rk  in  
co n ju n c t io n  w ith  t h e s e  c o n s id e r a t io n s  th a t  th e  le v e l  d e n s i ty  of 
n u c le i  c lo s e  to  c lo s e d  s h e l l s  cou ld  be  c o m p le te ly  p r e d ic te d  by 
add ing  a f u r t h e r  t e r m  to  th e  c o n d e n s a t io n  e n e r g y  g iv ing  th e  to ta l  
e n e rg y  of c o n d e n s a t io n  of th e  n u c le u s .  T h is  h a s  th e  d is a d v a n ta g e  
h o w e v e r  th a t  it l e a d s  in  su ch  c a s e s  a s  l e a d  to  p r e d ic t io n s  of th e  
le v e l  d e n s i ty  at e n e r g i e s  l e s s  th a n  th e  c o n d e n s a t io n  energy^ w h e re  
th e  a p p ro x im a t io n s  a r e  b eg in n in g  to  b r e a k  down.
S ince  in  th e  s u p e r c o n d u c to r  t h e o r y  of the  n u c le u s  th e  
a rg u m e n ts  a r e  by ana lo g y  i t  i s  u se fu l  to  c o n s id e r  th e  G o r t e r - C a s i m i r  
t h e o r y  of a s u p e r c o n d u c to r  w hich  u s e s  v e r y  s im p le  fu n c tio n s  and 
g ives  p re d ic t io n s  w hich  a r e  in d is t in g u is h a b le  in  m an y  n u c le a r  
m e a s u r e m e n t s  f r o m  th o s e  of m o r e  c o m p le x  t h e o r i e s .
T he  G o r t e r - C a s i m i r  fu n c tio n s  f o r  a  s y s t e m  b e lo w  i t s  
c r i t i c a l  t e m p e r a t u r e  T c a r e  c o m p a r e d  b e lo w  w ith  t h e i r  v a lu e s
f o r  a  s im p le  F e r m i  gas
- 5 2 -
F i g .  3. T he  v a lu e s  f o r  th e  G o r t e r - C a s i m i r  th e rm o d y n a m ic
p o te n t ia ls  be lo w  th e  c o n d e n sa t io n  e n e rg y  a s  a func tion
of t e m p e r a t u r e .  T he  v a r i a b l e s  p lo t te d  a r e  S / 2a tc ^and
2
U and F  d iv ided  by  a tc . F o r  c o m p a r i s o n  th e  v a r i a b l e s  
fo r  a f r e e  F e r m i  gas  ( s u b s c r ip t  F )  a r e  p lo t te d  fo r  
n u c le a r  m a t t e r  w ith  th e  s a m e  to ta l  e n e rg y  at th e  
t r a n s i t i o n  point in to  th e  c o n d e n se d  s t a t e .
- 53 -
/  '  •'
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F u n c t io n G o r t e r - C a s i m i r  : F e r m i  gas
F = - a T 4
2TC2 : - a T 2 (7 .9 )
Ü = 3 a T 4
2 T 1 a T 2 (7 .1 0 )
S = 2 a T 3 ( 7 . U )
1 c
2aT
Above th e  c r i t i c a l  t e m p e r a t u r e  th e  fu n c tio n s  a r e  a s  u s u a l  ex cep t
f o r  a c o n d e n sa t io n  e n e rg y  2 aT £  w hich  i s  added  to  b o th  U and F .
T h is  s e t  of fu n c tio n s  i s  c o m p a r e d  in  f ig .  3 and f ig . 4.
It i s  not s u r p r i s i n g  th a t  in  f ig .  4 th e  d i f f e r e n c e  in  e n e r g y
b e tw ee n  s t a t e s  of th e  s a m e  e n tro p y  i s  c lo s e ly  a  c o n s ta n t  f r o m
iS c u p w a r d s .  It i s  e a s y  to  s e e  th a t  th i s  d i f f e r e n c e  i s  s t a t io n a r y
at th e  c r i t i c a l  t e m p e r a t u r e  w h e re  it i s  equa l to  i a T c and h a s  only
9
d ro p p e d  to  0. 35 a T c w h e re  e n e rg y  of th e  m a t t e r  in  th e  n o r m a l  
s ta t e  i s  \  a T 2 .
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F i g .  4 . V a lu e s  of S a s  a  fu n c tio n  of U fo r  m a t t e r  d e s c r ib e d  
by  G o r t e r - C a s i m i r  fu n c tio n s  and by F e r m i  gas 
fu n c t io n s .  T o  f a c i l i t a t e  c o m p a r i s o n  th e  F e r m i  
g a s  fu n c tio n s  a r e  d ra w n  tw ic e ,  w ith  th e  o r ig in  of 




IV  HIGH EN ERG Y  CASCADE PR O C ESSES 
IV . 1 E m is s io n  of a  S ing le  P a r t i c l e
S ince  N u c le a r  P r o c e s s e s  a r e  a p p a re n tly  r e v e r s ib le  
W e issk o p f (We 3 7) h a s  show n th a t  fo r  th e  e m is s io n  of a s in g le  
p a r t ic le  x of k in e tic  e n e rg y  b e tw ee n  E x and E x + d E x th e  n u m b e r  
e m itte d  p e r  sec o n d  i s
gmEjj. U>B (E g )
nx (E x ) d E x = <T(E E  ) ----- — -----------  dE  (1 .1 )
B 2TT2!, 2 UUa (Ea )
H e re  Cf i s  th e  c r o s s  s e c t io n  fo r  th e  in v e r s e  r e a c t io n ,  b e tw ee n  
th e  n u c le u s  le f t  a f te r  th e  e m is s io n  of p a r t ic le  x and p a r t ic le  x ; 
m  is  th e  re d u c e d  m a s s  of th e  s y s te m  w hich  i s  n o rm a lly  ta k e n  a s  
s im p ly  th e  m a s s  of th e  e m it te d  p a r t i c l e ,  g i s  th e  r a t io  of th e  
s t a t i s t i c a l  w eigh t of th e  s y s te m  a s  tw o p a r t i c le s  to  th a t a s  one 
p a r t ic le  and  LU^ ( E ^ ) ,  (E g )  a r e  th e  r e s p e c t iv e  le v e l d e n s i t ie s  
of th e  in i t ia l  n u c leu s  and th e  fin a l n u c leu s  e a c h  a t th e  a p p ro p r ia te  
e x c ita tio n  e n e rg y .
E g  + ^ x  + E x = E A (1* 2)
Qx is  th e  b in d in g  e n e rg y  of p a r t ic le  x in  n u c le u s  A . T he v a lu e s
of th e  c r o s s  s e c t io n s  (T (0 , E x ) fo r  n e u tro n s  h av e  b e e n  w o rk ed  
out fo r  th e  o p tic a l m o d e l by B e y s te r  e t al (Be 57) and i t  i s  
u s u a lly  n e c e s s a r y  to  a s s u m e  th a t  th is  i s  eq u a l to  C f (E g , E ^ ).
Igo (Ig 59) h a s  c a r r i e d  out o p tic a l m o d e l c a lc u la tio n s  fo r  A lpha
p a r t i c le s  and  S h a p iro  (Sh 53) fo r  b a r r i e r  p e n e tr a t io n s  in  a  s q u a re
A ?  r;° \
L I B R A R Y
\ ^ jV,VEasrs'< V*r
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w ell m o d e l of th e  n u c le a r  p o te n tia l .  No c o m p le te  d is c u s s io n  
of b a r r i e r  p e n e tr a t io n  h a s  b e e n  g iven  fo r  a w ell w ith  a  d iffu se  
ed g e . T h is  m ay  be  of so m e  im p o r ta n c e  in  r e a c t io n s  of c h a rg e d  
p a r t i c le s  u n d e r  c o n d itio n s  w h e re  E ^  0. (L a 60), (Fu 60 ),
(Ne 60).
In  th e  s im p le s t  a p p ro x im a tio n s  th e  v a lu e  of (T ( 0 ,E x ) 
c a n  be  u s e d  a s  th e  g e o m e tr ic  c r o s s  s e c tio n  fo r  n e u tro n s  of 
s u ff ic ie n t e n e rg y  and  th e  c h a rg e d  p a r t ic le  c r o s s  s e c t io n  i s  ta k e n  
as  th e  g e o m e tr ic a l  v a lu e  m u ltip l ie d  by  an  a p p ro x im a te  b a r r i e r  
p e n e tr a t io n  f a c to r  E x - Vx fo r  E x> th e  k in e tic  e n e rg y  of th e
—W
f r e e  p a r t i c l e ,  g r e a te r  th a n  V th e  a p p a re n t b a r r i e r  h e ig h t fo r
-X.
th is  s o r t  of p a r t i c l e ,  and  z e r o  fo r  E  le s s  th a n  V .x x
IV . 2 A S im p le  M odel of a N e u tro n  C a sc a d e
In a lm o s t a l l  c a s e s , b e c a u s e  of th e  b a r r i e r  n e u tro n s  a r e  
e m itte d  m u ch  m o re  f re q u e n tly  th a n  any c h a rg e d  p a r t i c le .  F u r t h e r ,  
th e  e m is s io n  of p h o to n s  i s  not u s u a lly  a  c o m p e titiv e  p r o c e s s  
an y w h ere  m u ch  above the  n e u tro n  b in d in g  e n e rg y . T he  c a s c a d e  
m ay  be  s e e n  m o re  s im p ly  th e n  in  th e  e x tre m e  w h e re  a ll  e m is s io n s  
o th e r  th a n  n e u tro n s  a r e  d i s r e g a r d e d  and th e  b in d in g  e n e r g ie s  of 
s u c c e s s iv e  n e u tro n s  a r e  ta k e n  a s  e q u a l. T he le v e l d e n s ity  is  
ta k e n  as  a c o n s ta n t t im e s  
e 2 ^  .
U n d er th e s e  c o n d itio n s  if  n (U ,E )  is  th e  p ro b a b ili ty
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of t h e  e m i s s i o n  of a n e u t r o n  whose  k in e t ic  e n e r g y  l i e s  b e tw e e n  
E and E + dE f r o m  a n u c le u s  whose  e n e r g y  i s  U and N ( U ,E )  i s  
th e  p r o b a b le  n u m b e r  of su ch  n e u t r o n s  in  the  t o t a l  c a s c a d e ,
r u - Q
N ( U , E)  = n ( U , E)  + \ n ( U , E ') N ( U - Q - E ' , E )  d E '  (2. 1)
J  o
and if  S ( U ,E )  i s  th e  p r o b a b le  t o t a l  n u m b e r  of n e u t r o n s  in  a 
c a s c a d e  f r o m  U ,  th e n
f U - Q
S(U) = 1 + \ n ( U , E ' )  S ( U - Q - E ' )  dE ' (2 . 2 )
It i s  obvious  t h a t  wi th  i n c r e a s i n g  dif f icu l ty  a p p r o x i m a t i o n s  m a y  
be  ob ta ined  f r o m  th e  o ne ,  tw o ,  e t c .  , n e u t r o n s  c a s c a d e s  f r o m  
an e n e r g y  U. U s in g  (1. 1) wi th  ( T  a  c o n s t a n t ,  n o r m a l i s e d  so  th a t  
one n e u t r o n  i s  e m i t t e d  in  a l l  c a s e s  w h e re  it i s  p o s s i b l e , a n d  th e  
a s s u m e d  f o r m  of the  l e v e l  d e n s i t y ,  (2. 1) b e c o m e s
N(U , E ) = E e ‘
sA ( U -Q -E )
U -Q
+
E e 2 v ^ U - Q - E )  dE
E ’e 2 \ / a (u - Q - E ') N ( U - Q - E '  ,E )  d E 1 
(U ' Q e „ e 2 x /a (U -Q -E ")  d E „
J0  J 0 (2 .3 )
F r o m  (2 .3 )  th e  t r a n s f o r m a t i o n  a —>ma
77 U
l / - * “
QQ-5> — ^  m
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E-*1Lm
l e a v e s  th e  va lu e  of N (U ,E )  dE in v a r i a n t .  T hus  a so lu t io n  w ith  
one v a lu e  of Q and a r a n g e  of v a lu e s  of a ,  U and E i s  c o m p le te .  
IV. 3 C o m p u te r  S o lu tion  of th e  S im p lif ied  P r o b le m
T h e  in te g r a t io n  in  th e  d e n o m in a to r s  of (2. 3) m ay  be  
e x a c t ly  e v a lu a te d  
'U -Q
j£e 2 ya (E  Q “E ^C[E = g2 \ /a (U -Q ) U -Q  _ 3 / U - Q  + 3
4 a 2."V2 a 1
- 3 + U -Q
and f o r  a > 5  and  U -Q  > 1  th e  t e r m s  w ithout an  e x p o n en tia l  
m u l t ip l i e r  m ay  be  s a fe ly  n e g le c te d .  A lso  by  m a k in g  th e  t r a n s  
f o r m a t io n  U ] = U - Q - E '
U -Q
. N ( U - Q - E ' , E )  E '  exp 2 ^ ( U - Q - E 1) dE
r U -Q
= N (U 1, E ) ( U -Q - U 1) exp 2 >/ a U r dU'
■'o
d i f f e r e n t ia t in g  tw ic e  w ith  r e s p e c t  to  U g ives  s u c c e s s iv e ly  
N (U -Q ,E )  U -Q -(U -Q )  exp 2 \ /a (U -Q ) 
fU -Q





N (U -Q ,E )  exp  2 V a(U -Q ) . (3 .4 )
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Now (3 .4 )  i s  f r e e  f r o m  in te g r a t io n  w hich  in d ic a te s  u s e  of th e  
a p p ro x im a te  f o r m
2 d 2f(x)
f(x + A x) + f(x - A x )  - 2f(x) < ? *  ( A x )  ----- —  (3 .5 )
d x Z
In th i s  c a s e  w h e re  t h e r e  i s  a  d e n o m in a to r  s a y  D(x) and only th e  
v a r i a t io n  of th e  n u m e r a to r  N(x) w as c o n s id e r e d ,
2
N(x + A x )  N(x -A  x ) D(x - A x )  2N(x) D(x) ^  2 d N (x )
D(x + A x )  D(x - A x )  D(x + A x )  _ D(x) D(x + A x ) ~ ^ X) dx^
D(x 4-Ax)
(3 .6 )
A c tu a l  c o m p u ta t io n  u s e s  th e  eq u a t io n s  (3 .1 )  (3 .4 )  and (3 .6 )  
a s  s e p a r a t e  p o r t io n s  of (2. 3). Due to  th e  s im p l ic i ty  of (3 .4 )  
e a c h  v a lu e  of E  m ay  be  t r e a t e d  s e p a r a t e ly  in  th e  in d u c t iv e  so lu t io n  
on v a lu e s  of U. If th e  i n t e r v a l  of U i s  ta k e n  a s  h th e  so lu t io n  
in v o lv e s  at e a c h  s te p  th e  know ledge  of th e  v a lu e  of N (U -Q ,E )  to  
o b ta in  N(U + h , E ) .  T h is  w ill  invo lve  s to r a g e  of a n u m b e r  ^ / h  of 
v a lu e s  of N . It w ill a l s o  be  n e c e s s a r y  to  e v a lu a te  s q u a r e  r o o ts  
and e x p o n e n t ia ls  bu t th e  n u m b e r  r e q u i r e d  m a y  be  m in im iz e d  
by  th e  in d u c t io n  p r o c e s s  u s e d .
So lu tion  w as  c a r r i e d  out u s in g  S il l iac ;  th e  c o m p u te r  
in  th e  School of P h y s i c s  in  Sydney U n iv e r s i ty .  T h is  i s  ab le  to  
s to r e  1024 fo r ty  b i t  w o rd s  in  an  e l e c t r o s t a t i c  m e m o r y  and can  
c a r r y  out about t e n  th o u s a n d  a r i th m e t i c  o p e ra t io n s  a  s eco n d .
Input and output i s  n o r m a l ly  by  p a p e r  t a p e .
It w as found th a t  m o s t  of th e  c o m p u te r  t im e  u s e d  w as
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F ig .  5 . B lo ck  d ia g ra m  of th e  p r o g r a m  u se d  to  co m p u te  th e
so lu tio n  of th e  s im p lif ie d  c a s c a d e  c o n s id e re d  in  s e c t io n  
IV . 3. T h e  p u rp o s e s  of th e  d if fe re n t b lo c k s  a r e :
DOI D e c im a l O r d e r  In p u t, S il lia c  (X 1.2),
e n a b le s  in p u t a d d r e s s e s  to  be  w r i t te n  in  
d e c im a ls .  C o n tro ls  m a ch in e  w hile  o r d e r s  
a r e  s to r e d .
4 . C a lc u la te s  a ll  c o n s ta n ts  w hich dep en d  on ly  
on th e  in p u t p a r a m e te r s .
5. S e ts  up (c h a n g es ) th e  v a lu e s  of th e  e m is s io n  
e n e rg y  E  b e in g  c a lc u la te d .
6. P la c e s  f(U + h) in  th e  p o s it io n  of f(U) a s  
r e q u ir e d .
7. C a lc u la te s  new  fu n c tio n s  a t (U + h).
J .  C a lc u la te s  s q u a re  r o o t s ,  S illia c  (R 6).
8. C a lc u la te s  e x p o n e n tia ls  of in te g e r s .
S e p a ra te s  f r a c t io n a l  p a r t s .
C a lc u la te s  e x p o n e n tia ls  of f r a c t io n s .
S il lia c  (S 11)
9. S to re s  r e s u l t s  of e a c h  s te p ,  m a k e s  d e c is io n  r e ­
g a rd in g  p r in t in g ,  c o n tin u a tio n  to  a h ig h e r  v a lu e  
of U , c o n tin u a tio n  to  a h ig h e r  v a lu e  of E  and 
f in a l s to p .
N . P r in t in g  ro u tin e  S il l ia c  (P  16).
B lo c k s  J  and 8 a r e  e n te r e d  tw ic e  in  e v e ry  p a s s a g e  th ro u g h
b lo c k  7 and b lo c k  - i s  e n te r e d  on e v e ry  p a s s a g e  th ro u g h
b lo c k  8.
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a c tu a lly  ta k e n  up  w ith  pu n ch in g  ta p e  in  th e  output p r o c e s s .  A
b lo c k  d ia g ra m  of th e  p ro g r a m  u s e d  fo r  th e  c a lc u la tio n  in  fix e d
po in t a r i th m e t ic  i s  g iven  in  f ig u re  5.
In  th e  c a lc u la tio n  Q w as ta k e n  a s  8 and a a s  10, 20 , and
40. U w as a llo w ed  to  ru n  f ro m  Q + E to  200 and E  w as g iv en  th e
v a lu e  1 to  14 in  s te p s  of 1. h w as t r i e d  w ith  th e  v a lu e s  2 n and
n w as in  t u r n  0, 1, up  to  6. It w as found th a t th e r e  w as no
im p o r ta n t  v a r ia t io n  at any s ta g e  b u t th a t  v a lu e s  of N in c r e a s e d
m o re  and  m o re  s lo w ly  a s  n w as in c r e a s e d .  T h is  w ould be
e x p ec ted  w ith  a  p o s it iv e  fo u r th  o r d e r  c o r r e c t io n  t e r m  to  (3. 5).
E v en  w ith  n = 6 th e  ra n d o m  e r r o r  w hich  in c r e a s e s  as  th e  s q u a r e
ro o t of th e  to ta l  n u m b e r  of s te p s  i s  s t i l l  a t a  m a x im u m  on ly  of 
2
th e  o r d e r  10 t im e s  th e  ra n d o m  e r r o r s  of ro u n d in g  off in  one
-3  7s te p ,  w h ich  w ould be  of th e  o r d e r  2
T he r e s u l t s  of th e  c o m p u te r  so lu tio n  w e re  e x p ec te d  
(Le 52) to  be of th e  fo rm
A c c o rd in g ly  th e y  w e re  p lo tte d  to  ex h ib it th is  r e la t io n s h ip .
of U w ith  an a c c u ra c y  c o n s id e ra b ly  b e t te r  th a n  five  p e r  c en t 
b e c a u s e  of th e  a c c u ra c y  w ith  w hich  th e  r e la t io n  (3. 7) w as 
obeyed  bu t th a t  a t low  e n e r g ie s  th e  r e la t io n  co u ld  be  s im p ly  
s e e n  to  p o s s e s s  m o re  c o m p lic a te d  s t r u c tu r e  th a n  a llo w ed  by 
(3. 7) . (See f ig u re  6) .
N (U , E ) «■ A E e  **"* (3 .7 )
It w as found th a t  th e  v a lu e  co u ld  be  a s s ig n e d  fo r  h ig h  v a lu e s
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F ig .  6. P lo ts  of th e  r e s u l t s  of s im p lif ie d  c a s c a d e  c a lc u la tio n s
a g a in s t  th e  e n e rg y  E of th e  e m it te d  n e u tro n . T he tw o
u p p e r  c u r v e s  r e p r e s e n t  th e  log  of th e  p ro d u c t (n u m b er
of n e u t r o n s ,  and t e r m s  E and  E re s p e c t iv e ly )
fo r  a c a s c a d e  co m m e n c in g  w ith  e x c ita tio n  e n e rg y , 200.
T he lo w e r  c u rv e  i s  fo r  e x c ita t io n  e n e rg y  28 and th e  
-1
m u lt ip l ie r  i s  E  . I t  i s  s e e n  th a t  th is  p lo t e x h ib its  
b o th  p o s i t iv e  and n e g a tiv e  c u rv a tu re  so  th a t  no s in g le  
exp o n en t of E w ill m ak e  i t  a p p e a r  s t r a ig h t .  T h e  v e r t ic a l  
s c a le  in te r v a l  i s  0. 5 on th e  u p p e r  p a i r  and 2. 0 on th e
lo w e r  p lo t.
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T h is  g iv e s  good g ro u n d s  fo r  hope th a t s im p le r  m e a n s  of 
so lv in g  th e  a p p ro x im a te  fo rm  (2. 3) m igh t be found . Such a 
so lu tio n  w ould  be  c o n s id e ra b ly  s im p le r  to  h an d le  th a n  a p p ly in g  
in d iv id u a l v a lu e s  of a  in  a c o m p u te r .
IV . 4 C a s c a d e s  w ith  E m is s io n  of M ore  th a n  One T ype of P a r t i c l e  
F i r s t  d e fin e  P  (U) a s  th e  p ro b a b ili ty  th a t  a  p a r t ic le  of 
ty p e  x w ill be  e m it te d  f ro m  th e  n u c le u s  at e x c ita tio n  U . A lso  
px (U ,E x ) d E x i s  th e  p ro b a b il i ty  of e m is s io n  of x w ith  an  e n e rg y  
b e tw e e n  E x and E x + d E x .
T h en
f u -Q x
l Px(U -E x) d E x = P x(U ) • ( 4 - 1)
JVX
Qx is  th e  s e p a ra t io n  e n e rg y  of p a r t ic le  x f ro m  th e  g iven  n u c le u s  
and V z e r o  fo r  n e u tro n s ,  i s  th e  e n e rg y  h e ig h t of th e  c o r re s p o n d in g  
C oulom b p o te n tia l b a r r i e r .
By (II. 1 .4 )
E / f
UJ (U + E ) UJ(U)e . (4 .2 )
H ence
px (U ,E x ) = A ( U ) ( T o ( E x ) ( E x - V x ) e ' E x ' V x ) / r x  . ( 4 .3 )
(J^(E X) i s  th e  r a t io  of th e  a c tu a l c r o s s  s e c tio n  fo r  p a r t i c l e s  
of e n e rg y  E x to  th a t o b ta in ed  u s in g  g e o m e try  and a b a r r i e r  
p e n e tr a t io n  E v -  V . A i s  in d e p en d e n t of E v and i s  d e te rm in e d
A  X  X
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by  (1 .1 ) ,  (4 .1 )  and th e  co n d itio n  P x (U) = 1 . (4 .4 )
T h u s  r e w r i t in g  (4 .3 )  in  th e  c a s e  w h e re  (T n ^  1 and U -  Q -  V
^  X X X
Px(u >E x) ■ ^ ° (E x) P X(U) (E - V ) e~(Ex '  Vx^ xrv2r (4 .5 )
O '  i s  th e  c o n s ta n t r e q u i r e d  to  give th e  c o r r e c t  n o rm a liz a t io n .
In  th is  c a s e  th e  a v e ra g e  v a lu e  of th e  e n e rg y  e m itte d  w ith
one p a r t ic le  ^  1
P xU
| p x (U,Ex )(Q x + Vx + Ex )d E x
^ Q x + v x + 2 r x ( 4 . 6)
T he  v a lu e  u se d  fo r  V  sho u ld  be  th a t a p p ro p r ia te  f o r  th is  
a v e ra g e  e n e rg y  of th e  r e s id u a l  n u c le u s , U -Q -V -2 ? r  . T he c r o s s  
s e c tio n  is  sm o o th ly  v a ry in g , and  u su a lly  Q+V , so  th a t
( 4 . 6 )  w ill a lw ay s  be  c lo s e  to  th e  t r u th .
T h en  th e  a v e ra g e  e n e rg y  c a r r i e d  aw ay f ro m  th e  n u c le u s  
by  p a r t i c le s  of a l l  ty p e s  in  a  s in g le  s ta g e  of th e  c a s c a d e  c o m m e n c in g  
w ith  an  e n e rg y  U , E , i s  g iv en  as
1  = ^ P x(U > <Qx + V x + 2 r x ) • (4- 7)
It m ay  be  d e r iv e d  f ro m  th is  e q u a tio n  and  i s  obv ious f ro m  e n e rg y
c o n s id e ra t io n s ,  th a t
U - E r  = 2 Tn x (Qx + Vx + 2 T X) . ( 4 . 8)
E r  i s  th e  a v e ra g e  e n e rg y  of th e  n u c le u s  w hen p a r t ic le  e m is s io n  
i s  no lo n g e r  e n e r g e t ic a l ly  p o s s ib le .  Nx is  th e  a v e ra g e  n u m b e r 
of p a r t i c le s  of ty p e  x e m it te d  in  th e  e n t i r e  c a s c a d e  and Qx and 
Vx a r e  a v e ra g e d  o v e r  th e  d if fe re n t ty p e s  of n u c le i w hich  a p p e a r
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in  th e  c o u r s e  of th e  c a s c a d e .  S om ew hat d r a s t i c a l l y ,  put th e  
e n e rg y  c a r r i e d  aw ay  by p a r t i c l e s  o th e r  th a n  n e u t ro n s  at any 
e x c i ta t io n  eq u a l  to  P n (U) (C<-2) "IT . It i s  th u s  z e r o  at low  
t e m p e r a t u r e s  and r i s e s  w ith  t e m p e r a t u r e .  If (4. 7) i s  r e p la c e d
by
E  = P n (U) (Qn + * . r n ) (4. 9)
(4. 8) b e c o m e s
(U - E r ) = N n (Qn +<*-rn) (4 .1 0 )
H ence
( * - 2 ) N n r n = x^ Nx<Qx + Vx + 2 f n ) .  ( 4 . 11)
T h e n  th e  p ro b a b le  n u m b e r  of n e u t ro n s  e m it te d  a s  th e  n u c le a r
e n e rg y  c h a n g e s  by  dU is  dNn (U) = P n (U) dU (4. 12)
E
= dU (4 .1 3 )
Qn + «-'Cn
T he  p ro b a b le  n u m b e r  of n e u t ro n s  e m i t te d  in  th e  k in e t ic  e n e rg y  
ra n g e  T  to  T + d T ,  dn (U ,T )  dT  is
d n ( U , T ) d T _  Q-q(T) T e " T / ^  dUdT  ^ u )
X 2 (Q + ) <r
(Tis a g a in  a n o r m a l i z a t io n  c o n s ta n t .
It i s  m o s t  e a s y  to  w o rk  w ith  a func tion  in  th e  f o r m
n (U ,T )  dT = ( d n ( U ,T )  dT . (4 .1 5 )
T h i s  m ay  b e  a p p ro x im a te d  a s
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= A(U) CT0 (T) T ^ " 1 e~T /  ^  dT
fW  '
T he  l im i t s  of in te g r a t io n  in  (4 .1 5 )  fo llow  f r o m  (4. 13). 
T h e r e  th e  to ta l  r a n g e  of U i s  f r o m  U to  E ^ ,  w hich  m a y  be  put 
equa l to  iQ x .
T he  id e n t i f ic a t io n  of (4. 15) and (4. 16) w ill  be  m o s t
e f f ic ie n t ly  a c h ie v e d  by e q u a tin g  m o m e n ts  w ith  r e s p e c t  to  the
e n e r g y  T .  F r o m  (4. 14) t h i s  w ill  b e  o b ta in ed  in  an  in te g r a b le
f o r m  if  th e  f a c to r  £T^(T) c a n  be  m a d e  to  c a n c e l .  One th u s
Q + ^ T
finds  in  s u c c e s s io n  th e  v a lu e s  of
f u  - iQ
J
n (U ,T )  (Q + i * T )  dT = 1
0~(T) (T J
I  (U - iQ )
<r
n (U ,T )  (Q + 1 * T )  T d T  = 1 
r ( T )  3 t
U - iQ
2 t  dU
(U - iQ )  X
( S  + 1)
[U - i Q
n (U ,T )  (Q + \dC T ) T d T  = 6 
r ( T )  <rJo
X 2 dU
(U - iQ )
U  + 2 )
(4 .1 7 )
(4 .1 8 )
(4 .1 9 )
and  so  on . L i s  th e  v a lu e  of a p p r o p r ia t e  to  th e  h ig h e s t  e n e r g y  
c o n s id e r e d .  S a p p e a r s  s in c e  the  v a lu e s  of U and t  a r e  a s s u m e d
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to  b e  c o n n e c te d  by  an  eq u a tio n
S
U = a f  (4. 20)
W o rk in g  s i m i l a r l y  w ith (4. 16) g iv es  f o r  (4. 17)
U - | Q  = <TA(U) (Q + i■xj’ r , , , )  (4 .2 1 )  
(4. 18) b e c o m e s
= 0-A(U) +  i o C ( l +  i l l  X* . (4 .2 2 )
and (4. 19) b e c o m e s
|4 | ' ( u  - sQ )t2m = ff'Atu) | q + i-x (1+  2) X ^ I U +  u r *  . ^
T h u s
r  A (u )  = ( u  - s Q ) / (Q  + i  x i r  *) (4 .24 )
and
q + i  » ( i r ,  = < s + i )^q + 3 * U + 1) r*>
2 s  r
m
F o r  c o n v en ie n c e  i s  g iven  th e  sy m b o l  x .
Q
(4 .2 5 )
T h en
1 + 1 3 ( U i )2
/  2 J(S + 2)
b  + f  ( ^  + i ) x j
[1 + 5 £ x ]  t 1 + i (  £ +  2 ) x l (4 .2 6 )
and
^ m  = S + 1
" r *  2 S
/{ l + 1) xl
{ l  + jr l x  J
(4. 27)




= 1 1  
11
a s  g iven  by  L e  C o u te u r
- 72 -
F ig .  7. R e su l ts  of th e  a n a ly s i s  p r e s e n t e d  in  s e c t io n  IV . 4 of 
th e  n e u tro n  s p e c t r a  on a  h igh  e n e rg y  e v a p o ra t io n  





l i b r a r y
^ / V e bsH'I
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(Le 52). T h e  e q u a tio n s  (4. 26) and (4. 2 7) c an  be so lv ed  n u m e r ic a l ly  
in  g e n e ra l  and  su c h  so lu tio n s  w e re  g iv en  by K . J .  L e  C o u te u r and  
D .W . L an g  (Le 59) f ig u re  1 ( re p ro d u c e d  a s  f ig u re  7).
E v e n tu a lly
n (U ,T )  = <ro (T) (U -  lQ )  T ' e ' 1 e ‘ T / r * .  (4 .2 8 )
<r/£) 't'»* (Q + 5
IV . 5 E v a p o ra tio n  C a s c a d e s  w ith  a D is tr ib u tio n  of In i t ia l  E n e rg y  
In  o r d e r  to  e s ta b l is h  c o n ta c t w ith  e x p e r im e n ts  i t  i s  
n e c e s s a r y  to  find  s o u rc e s  of su ch  h ig h ly  e x c ite d  n u c le i a s  a re  
d is c u s s e d  in  th e  p re v io u s  s e c t io n s .  A t p re s e n t  th e  b e s t  s o u rc e s  
a r i s e  f ro m  th e  s in g le  p a r t ic le  b o m b a rd m e n t of a  n u c leu s  in  i t s  
g ro u n d  s ta t e .  A f te r  a d i r e c t  p h a se  in  w hich  a lm o s t a ll  p a r t i c le s  
w hich  d if f e r  f ro m  th e  g ro u n d  s ta te  d e s c r ip t io n s  have  su ff ic ie n t 
e n e rg y  to  e sc a p e  th e  n u c le u s^ th e re  m ay  o c c u r  a com pound  
n u c le u s  p h a se  in  w hich  th e  n u c le u s  d e c a y s  by th e  p r o c e s s e s  
in d ic a te d  in  (1. 1). P a r t i c l e s  e sc a p in g  in  th e  in i t ia l  p h a se  w ill ,  
a lm o s t by d e f in itio n , be  th o s e  of h igh  e n e rg y . F o r  th is  r e a s o n  
in  s p e c t r a  o b ta in ed  th is  w ay a llo w an ce  m u s t be  m ade  fo r  th e  
d i r e c t  p r o c e s s  e m is s io n  b e fo re  in te r p r e ta t io n  a s  e v a p o ra tio n  
s p e c t r a .  In  h igh  e n e rg y  s p e c t r a  a lm o s t th e  only c r i t e r io n  
u s e d  in  a llo w an ce  fo r  o th e r  p r o c e s s e s  i s  is o tro p y  of e m is s io n  
r e la t iv e  to  th e  b o m b a rd in g  p a r t i c l e ,  w hich c o r re s p o n d s  to  th e  n u c leu s  
h av in g  " tim e  to  f o r g e t” , i . e .  , th e  com pound  n u c leu s  c o n d itio n .
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A llo w an ce  in  th e  in te r p r e ta t io n  of s p e c t r a  m u s t a lso  
be  m ad e  fo r  th e  v a r ia t io n  in  th e  e x c ita tio n  e n e rg y  le f t a f te r  th e  
in i t ia l  c a s c a d e .
It w ill b e  a s s u m e d  th a t  th e  e n e r g ie s  of th e  n u c le i a t th e  
s t a r t  of th e  com pound  n u c le u s  p h a se  a r e  g iven  by a d is t r ib u t io n  
of e n e r g ie s  j-(UQ) dU Q, w hich  is  th e  p ro b a b ili ty  of an  e n e rg y  
b e tw ee n  U Q and  U Q + dU Q. T h e n  th e  e n e rg y  s p e c tru m  of e m it te d  
p a r t i c le s  m ay  once m o re  be  a s s u m e d  to  be  of th e  fo rm
roo
2 l( T )  = B T m - !  e - T / 0 <r0 (T) = J(U ) n(U T ) dU . (5 .1 )
A s in  th e  la s t  s e c tio n  a s e t  of m o m e n ts  w hich  c a n  be
e v a lu a te d  a r e  s e le c te d  fo r  th e  r ig h t  hand  s id e  of (5. 1) g iv ing  
r i s e  to
Q + io^rnö _ mO Q + 0(m + 1)
< U  - iQ >  “ X < ( U  - i Q ) r * >
= m (m  + 1)9 Q + + 2 ) / ( ^ + 2 )
1 ( 1  + 1) < ( U  -  IQ )  >
T h e  b ra c k e t  in d ic a te s  th e  e x p e c ta tio n  v a lu e  w ith
f<r e s p e c t  to
< y 0 -  | q >
U 0 ) of th e  q u a n tity  e n c lo se d .
r oO
i ( u n )(u n - iQ ) d u  .
L
0 ' ' ~ 0
r
<(U - 4Q)r*>= a ' 4 t*
f  Jo
(5 .3 )
^(U ()(Uo -  iQ )  (U0 -  Q -  i  <t  m )* d U o
L
a " T  tjc 4 U -  ?Q) (UG - Q - I  . (5 .4 )
^ m
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-  JQ) t *  >  = a  j  ( U o ) ( U o  -  iQ )  x
X ( U 0 - Q - | * 6 m ) ' d UoCC m
= a
- 2A
~^*?2 < ( U 0 -  5Q)(U -  Q (5. 5)
The s low  v a r i a t i o n  of X w i th  change  of U Q h a s  n e c e s s a r i l y  b e e n
n e g le c te d  in  d e r iv in g  (5. 2) and of X  ^ in  d e r iv in g  (5 .4 )  and (5. 5)
X
D efine  k  = - | q X ( U  - sQ) X , 2 )>
4 U - lQ) y
= -^ (U  -  5 Q ) > < _  (U - iQ ) (U - q  - o/ t  m )Z/iy
< /(U  - JQ) ( U - Q - ^ t  m )'/s
(5 .6 )
T h en  S c h w a r t z ’s in e q u a l i ty  e n s u r e s  k 1. E q u a tio n s  (5 .2 )  give
l ( m  + 1) T  0 2
(m + 1) _ k £ 1 + \ c*- m (J. + 1 )  Q 
m(^.  + 1) (1 + j ^ T  ) ( !  + m  + 2 T )
Q m  t  + 2 Q
k ’ (5 .7 )
w h e re  T = m 9 i s  th e  m e a n  n e u t ro n  e n e r g y .
If th e  d i s t r ib u t io n  ^ (U Q) c o n ta in s  only a  s in g le  e n e r g y ,  
k  = 1, m ; and ¥=  9 s in c e  (5 .1 )  i s  an  id e n t i ty .  O th e rw is e  k - 1 
i s  a lw ay s  s m a l l  and f r o m  (5. 7)
k
( V  - i )  = (k - i ) / i 1
eC T
(5 .8 )
( St +2 )  (Q + i * T  )
T e r m s  of th e  o r d e r  of th e  s e c o n d  t e r m s  in  th e  d e n o m in a to r  
m u l t ip l ie d  by  i * T  I  2 ((<t _ l )  have  b e e n  n e g le c te d  in  the
Q 2 ( ^ + 2 )
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d e n o m in a to r  in  th e  a p p ro x im a tio n .
T h e  v a lu e  of m  fo llo w s f ro m  (5. 7). T h is  v a lu e  of m  
c a n  be u s e d  in  th e  e x p e r im e n ta l  s p e c t r u m , and 0 m ay  th u s  b e  
d e te rm in e d  g ra p h ic a l ly . T he r e s u l t s  m u s t s a t is fy  th e  e q u a tio n s  
(5. 2) fo r  c o n s is te n c y . F o r  s e v e r a l  d is t r ib u t io n s  -^(UQ) of th e  
ty p e  e x p e c te d , c o m p a r is o n  w ith  th e  e x a c t m ach in e  c a lc u la tio n  
of s e c tio n  3 show ed  th e  r e s u l t s  of th is  s e c tio n  to  be  a c c u r a te .
IV . 6 T h e  190 MeV E x p e r im e n ts
G ro s s  (G r 56) m e a s u re d  n e u tro n  s p e c t r a  f ro m  th e  
190 M eV p ro to n  b o m b a rd m e n t of U , A u , A g , N i, A l, and C . 
F o llo w in g  L e  C o u te u r  (Le 52) he p lo tte d  h is  r e s u l t s  fo r  a  v a lu e  
of ,£ = 1 6 /1 1 .  T h e  p lo tte d  r e s u l t s [ ( G r  56a) f ig u re  19 r e p ro d u c e d  
a s  f ig u re  8^ show  s m a l l  bu t d e fin ite  c u r v a tu r e s  in  th e  e x p e c te d  
s t r a ig h t  l in e s .
T h e s e  r e s u l t s  w e re  a n a ly se d  u s in g  a th e o ry  d ev e lo p ed  
e a r l i e r  in  th e  c h a p te r  and th e  M onte C a r lo  c a lc u la tio n s  of 
M e tro p o lis ,  B iv in s , S to rm , T u rk e v i tc h ,  M il le r ,  and F r ie d la n d e r  
(Me 58) by L e  C o u te u r  and L a n g  (Le 59). U sin g  G r o s s ’ r e s u l t s  
and  th e  know n b in d in g  e n e r g ie s  in  th e  n e ig h b o u rh o o d  of th e  g iven  
n u c le i th e  v a lu e s  of T  and  of m ay  be  d e r iv e d  a s  in
T a b le  3.
F r o m  th e  M onte C a r lo  C a lc u la t io n s , th e  fo rm  of (U ) 
fo r  p ro to n s  a t so m e  of th e  e n e r g ie s  82 , 155, o r  235 MeV w as
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F ig .  8. N e u t ro n  s p e c t r a  o b ta in e d  by  G r o s s  f r o m  th e  190 MeV 
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c a lc u la te d  fo r  th e  n u c le i ,  U , B i,  C e , R u , Cu and  A l. H ence  
th e  v a lu e s  of th e  e x p e c ta tio n  v a lu e s  g iv en  in  T ab le  4 ( j_Le 5 9] 
ta b le  2) w e re  o b ta in e d .
F r o m  th e s e  th e  v a lu e s  of th e  m o m e n ts  in  (5 .3 )  (5 .4 )  
and  (5 .6 )  a r e  e a s i ly  d ed u ced  a s s u m in g  $= 2 and  a f i r s t  a p p ro x im ­
a tio n  to  a  w hich  n eed  no t be  v e ry  a c c u ra te  s in c e  th e  d ep en d en ce  
on a i s  s l ig h t .
F o r  e a c h  e x p e r im e n t m  c an  now be d e te rm in e d  n u m e r ic a l ly  
f r o m  (5. 8) and  (5. 7). T he  s p e c tru m  in  (5 .1 )  th e n  r e q u i r e s  th a t  
a  p lo t o f l o g ^ ^ ! ( T ) T ^  ^  I &'c \  a g a in s t T  sh o u ld  y ie ld  a 
s t r a ig h t  l in e  of s lo p e  i  f ro m  w hich  a m ay  be  c a lc u la te d . In 
c a lc u la t in g  h is  r e s u l t s  G ro s s  had  u s e d  th e  v a lu e s  of 0~ g iven  
by  B la tt  and W e issk o p f (Bl 52). T h e se  w e re  re p la c e d  by  v a lu e s  
f ro m  B e y s te r  (Be 5 7), w hich  gave so m e  h e lp  in  re m o v in g  s t r u c tu r e  
f r o m  th e  c u r v e s .  T he  r e s u l t s  a s  g iven  in  L e  C o u te u r  and  L an g  
[ (L e  59) ( f ig u re s  2 , 3 , 4 , 5 , and 6)J a r e  re p ro d u c e d  a s  f ig u re  9.
It i s  a p p a re n t th a t  th e  s p e c tru m  g iven  by (5. 1) r e p r e s e n t s  
th e  o b s e rv e d  s p e c t ru m  w ith in  th e  a c c u ra c y  of o b s e rv a tio n , and  
a s s u m in g   ^ = 2 i . e .  , U p ro p o r t io n a l  to  , th e  v a lu e  of U / 7T 
fo r  e a c h  e le m e n t i s  in f e r r e d .
T he f in a l s ta g e s  of th e  c a lc u la tio n s  le a d in g  to  th e  v a lu e s  
of a a r e  s u m m a r iz e d  in  T a b le  5.
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F i g .  9. N e u tro n  s p e c t r a  o b ta in ed  by  G r o s s  a f t e r  a n a ly s i s  by
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th e  w hole ra n g e  of e x c ita t io n  f ro m  U = 0 to  150 M eV . T hey  do
h o w e v e r ru le  out a  v a r ia t io n  o v e r  any  c o n s id e ra b le  ra n g e  of e n e r g ie s
w hich  d e p a r ts  m a rk e d ly  f ro m  th i s .  In p a r t i c u la r  th e y  ex c lu d e
v a lu e s  of £ g r e a t e r  th a n  3 . Such a v a lu e  w ould be e q u iv a len t
2
to  th e  s i tu a t io n s  d is c u s s e d  in  (III. 2) of an eq u a tio n  U = a t  w ith  
a d e c r e a s in g  a s  U in c r e a s e s .
T o  s e e  th is  r e s u l t  f i r s t  c p n s id e r  the  c a s e  of a  c o n s ta n t 
t e m p e r a tu r e .  T h is  w ould  le a d  to  J! - 2 in  a ll  c a s e s  and so  a ll  th e  
s p e c t r a  sh o u ld  be  of th e  fo rm  (4 .8 ) .  L e s s  d r a s t i c a l ly ,  th e  p lo ts  
m ade by G ro s s  (f ig u re  8) show  a  d e fin ite  c u rv a tu re  r e q u ir in g  
m  < M .4 5 . B ut th e  r e s u l t s  show n in  f ig u re  7 fo r  th e  v a lu e s  of 
jt  w ith  £ = 3 , a r e  to o  h ig h  to  y ie ld  m  1 .4 5  w hen th e  p r o c e s s e s  
of a n a ly s is  a r e  ap p lied ; a c c o rd in g ly  la r g e  v a lu e s  of £ a r e
Ir
ex c lu d ed . T he te m p e r a tu r e  v a r ia t io n  a s  U is  to o  s lig h t to  
m odify  th e  W e issk o p f s p e c t ru m  to  th e  r e q u ir e d  ex ten t i f  £ >  3.
In s te a d  of th e  p ro c e d u re  fo r  a n a ly s is  d is c u s s e d  h e r e  it 
i s  fe a s ib le  to  u s e  a  M onte C a r lo  a n a ly s is  of e ac h  in d iv id u a l 
c a s c a d e  p r o c e s s .  It is  th u s  p o s s ib le  to  m ake a llo w an ce  fo r  
f lu c tu a tio n s  in  th e  b in d in g  e n e rg y  of th e  p a r t i c le s  e m itte d  a t e a c h  
s ta g e . T h is  p ro c e d u re  h a s  b e e n  fo llow ed  in  a  s e r i e s  of p a p e r s  by 
D o s tro v sk y  and  c o l la b o r a to r s  (Do 58a) (Do 58b) (Do 59) (Do 60a)
(Do 60b). T h e  ad v an tag e  of a llo w in g  fo r  th e  e x ac t b in d in g  e n e rg y  
is  h o w ev er not g r e a t  if  th e  d ep en d en ce  of th e  le v e l d e n s ity  on
- 8 7 -
th e  b in d in g  e n e rg y  i s  not w e ll know n. If th e  v iew  s u g g e s te d  by 
s e c t io n  7 of C h a p te r  III th a t  th e  f lu c tu a tio n  of th e  b in d in g  e n e rg y  
of in d iv id u a l p a r t i c le s  g iv ing  r i s e  to  s h e ll  e f fe c ts  and p a ir in g  
e f fe c ts  i s  s im p ly  f lu c tu a tio n  in  th e  c o n d e n sa tio n  e n e rg y , th e n  th e r e  
is  no r e a s o n  to  r e q u i r e  to  know  th is  in  a  h ig h ly  e x c ite d  n u c le u s .
In c o m p a r is o n  of th e  n u m b e r  of n e u tro n s  and c h a rg e d  p a r t i c le s  
e m itte d  th e  e x ten t of d e p a r tu r e  f ro m  th e  b e ta  s ta b le  n u c lid e  
of a g iv en  v a lu e  of A m ay  b e  im p o r ta n t .  Any lo w e rin g  of th e  
p o te n tia l  b a r r i e r  su ch  a s  s u g g e s te d  by F u lm e r  and G oodm an 
(Fu 60) and in  e a r l i e r  w o rk  su ch  a s  (Le 52) w ill h o w e v e r be  of 
m uch  th e  s a m e  im p o r ta n c e  in  d e c id in g  th e  r a t io s  of p a r t i c le s  
and  w ill h av e  a c o n s id e ra b le  e ffe c t on th e  s p e c tru m  of th e  c h a rg e d  
p a r t i c l e s .  O f im p o r ta n c e  in  a ll  s p e c t r a l  s tu d ie s  i s  th e  t h e r m o ­
d y n am ic  p a r a m e te r  a . F in d in g  th is  by  M onte C a r lo  m e th o d s  is  
d ifficulty  a s  m ay  be  s e e n  f ro m  th e  w o rk  by D o s tro v sk y , F r a e n k e l ,  
and W in sb e rg  (Do 60a) in  d e s c r ib in g  th e  s p e c t r a  p ro d u c e d  by G ro s s .  
V a r ia t io n  of a  in  tu r n  a s  A /2 0  and a s  A / 10 w as c o n s id e re d . B oth 
of th e s e  a r e  in a d e q u a te  and th e  r e s u l t s  a s  a n a ly se d  by  L e  C o u te u r 
and  L a n g  (Le 59) in d ic a te  a  v a lu e  of a  m o re  lik e  A / 7. It w as a 
s im p le r  and  m o re  s y s te m a tic  m a t te r  to  e s t im a te  a and  c h ec k  
th e  r e s u l t  f ro m  th e  s o r t  of a n a ly s is  u s e d  th a n  in  th e  M onte C a r lo  
c a lc u la t io n s , in  w hich  th e  w hole co m p u ta tio n  m u s t be  re p e a te d  
to  c h e c k  th e  e ffe c t of any  ch an g e  of th e  p a r a m e te r s .  U sin g  a 
v a lu e  of a  d e r iv e d  f ro m  n e u tro n  s p e c t r a ,  w hich  a r e  c o n s is te n t ,
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one m ay  a n a ly s e  c h a rg e d  p a r t ic le  s p e c t r a  w ith  one le s s  v a r ia b le  
and  p o s s ib ly  find  d e f in ite  in fo rm a tio n  on w hich  to  b a se  th e o ry  
c o n c e rn in g  b a r r i e r  c h an g e s  e tc .
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V. N U C L E A R  REA CTIO N S INVOLVING CHARGED P A R T IC L E S  
V. 1 T h e  O rig in  of C h a rg e d  P a r t i c l e  S p e c tra
C o m p a re d  w ith  th e  e n e rg y  s p e c t r a  of n e u tro n s ,  e n e rg y  
s p e c t r a  of c h a rg e d  p a r t i c l e s  a r e  r e la t iv e ly  e a sy  to  m e a s u r e .  
I n te r p r e ta t io n  is  not h o w e v e r so  s im p le . B e c a u se  of th e  C oulom b 
B a r r i e r ,  v e ry  few  c h a rg e d  p a r t i c le s  a r e  e m itte d  e x cep t w ith  
c o n s id e ra b le  k in e tic  e n e rg y . T h e  in v e r s e  p r o c e s s  c r o s s  s e c tio n  
is  a ls o  u s u a lly  lo w e r  a t a ll  e n e r g ie s  th a n  fo r  n e u tro n s .  T h e  d ir e c t  
p r o c e s s  p a r t i c l e s  e m it te d  by  th e  n u c le u s  w ill be  l e s s  in flu en c ed  
by th e  b a r r i e r .  T hey  w ill th e r e f o r e  be  m o re  d iff icu lt to  d is tin g u ish  
and c o r r e c t  fo r  th a n  in  n e u tro n  s p e c t r a .
At th e  lo w e r  e n e rg y  end of c h a rg e d  p a r t ic le  s p e c t r a  th e  
p r e c i s e  fo r m  of th e  b a r r i e r  p e n e tr a t io n  p ro b a b ili ty  and h en ce  
of th e  in v e r s e  c r o s s  s e c t io n  b e c o m e s  im p o r ta n t ,  and m ay  (Sh 53) 
be  s tro n g ly  d ep en d en t on th e  n u c le u s  re m a in in g  a f te r  th e  e m is s io n  
of th e  c h a rg e d  p a r t i c l e s .
In  m u ltip le  e m is s io n  of p a r t i c l e s ,  a  c a s c a d e  m ay  end 
fo r  n e u tro n  e m is s io n  a t an  e n e rg y  a t w hich  c h a rg e d  p a r t ic le  
e m is s io n  i s  s t i l l  p o s s ib le .  B e in g  in  c o m p e titio n  only  w ith  g am m a  
e m is s io n ,  c h a rg e d  p a r t ic le  e m is s io n  w ill c o m p le te  th e  c a s c a d e  
in  a  la r g e  f r a c t io n  of c a s e s  ev en  th ro u g h  a c o n s id e ra b le  b a r r i e r .  
T h is  w ill le a d  to  an in c r e a s e d  c o n tr ib u tio n  to  th e  low  e n e rg y  end 
of th e  s p e c t ru m . (A1 58) (Le 50).
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B e c a u se  of th e  r e la t iv e  s im p lic i ty  of m e a s u re m e n ts  
a c c u ra c y  m ay  ex ten d  o v e r  a ra n g e  of e n e r g ie s  su c h  th a t s im p le  
a p p ro x im a tio n s  to  th e  le v e l d e n s ity  m ay  be  in a d e q u a te .
T h e se  d if f ic u l t ie s  c an  le a d  to  o v e rs im p lif ie d  t r e a tm e n t  
of r e s u l t s .  T h u s  C o lli and  c o l la b o r a to r s  (Co 5 7) (Co 58) gave an  
a p p a re n tly  a d eq u a te  d is c u s s io n  of t h e i r  r e s u l t s  in  t e r m s  of a 
c o n s ta n t te m p e r a tu r e  a p p ro x im a tio n  in d ep en d en t of th e  e n e rg y  of 
th e  r e s id u a l  n u c le u s . O th e r  a u th o rs  (Fu 58) (Fu 60), d e s c r ib e d  
t h e i r  r e s u l t s  a s  r e q u ir in g  th a t  th e  h e ig h t of th e  C oulom b b a r r i e r  
in  a  n u c le u s  sh o u ld  depend  s tro n g ly  on i t s  e x c ita tio n .
T h e s e  d e v ic e s ,  w hile  th e y  m ay  be  h e lp fu l in  im m e d ia te  
d is c u s s io n  of r e s u l t s ,  a r e  not a lw ay s  so  in  in te r r e la t in g  e x p e r im e n ts .  
A p p ro x im a te ly  c o n s ta n t t e m p e r a tu r e s  can  be  d e r iv e d  fo r  a  l im ite d  
ra n g e  of e n e r g ie s  in  a ll  m o d e ls  of th e  n u c leu s  and  so m e  of th e s e  
h av e  r a n g e s  of v a lid ity  a t low  e x c ita tio n  w hich  a r e  l a r g e r  in  th e  
m o re  c o m p le x  m o d e ls  of th e  n u c leu s  d is c u s s e d  in  C h a p te r  III 
th a n  in  th a t  of C h a p te r  II . D is c u s s io n  of lo w e rin g  of b a r r i e r  
h e ig h t by L e  C o u te u r  (Le 50), L an e  and P a r k e r  (L a 60), and by 
N e m e th  (Ne 60) s u g g e s ts  th a t  so m e  lo w e rin g  m ay  o c c u r  b u t not 
on th e  s c a le  s u g g e s te d  by  F u lm e r  and G oodm an (Fu 60). It i s  of 
i n t e r e s t  th e r e f o r e  to  t e s t  w ith  m o re  p r e c i s e  a n a ly s is  th a n  ap p lied  
by  th e  a u th o rs  c o n c e rn e d  w h e th e r  t h e i r  d a ta  d oes r e q u i r e  th e
a s s u m p tio n s  in tro d u c e d .
l UBftÄRy V\
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F ig .  10. oC p a r t i c l e  s p e c t r a  ta k e n  f r o m  F u l m e r  and G oodm an
(Fu 60) f o r  (p, ) on n ic k e l .
- 9 2 -
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F ig. 3. Energy spectra of alpha particles from (p,a) reactions 
induced in Ni by protons of various energies. Ea is the total 
kinetic energy of the emitted particle and residual nucleus in the 
center-of-mass system. These spectra were observed at 90 deg 
from the proton beam. The vertical cuts on the curves show how 
the energy distribution peaks would vary with Ep if the Coulomb 
barrier were constant with excitation energy of the compound 
nucleus (see text).
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F ig .  11. ^ p a r t i c l e  s p e c t r a  t a k e n  f r o m  F u l m e r  and G oodm an 
(F u  60) f o r  (p, o ( )  on rh o d iu m .
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Ep -  23 Mev
F ig . 4. Energy spectra of alpha particles from (/>,<*) reactions 
induced in Rh by protons of various energies. Ea is the total 
kinetic energy of the emitted particle and residual nucleus in the 
center-of-mass system. These spectra were observed at 90 deg 
from the proton beam. The vertical cuts on the curves show how 
the energy distribution peaks would vary with Ep if the Coulomb 
barrier were constant with excitation energy of the compound 
nucleus (see text).
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V. 2 T he A lp h a  P a r t i c l e  S p e c tra  of N ick e l and  R hod ium
F u lm e r  and G oodm an  (F u  60) give s p e c t r a  ( f ig u re s  
3 and 4 , r e p ro d u c e d  a s  f ig u r e s  10 and 11) fo r  th e  e m is s io n  
s p e c t r a  of a lp h a  p a r t ic le  fo llo w in g  p ro to n  b o m b a rd m e n t of n ic k e l 
and rh o d iu m .
F o r  p u rp o s e s  of a n a ly s is  th e  v a lu e s  of th e  c a p tu re  
c r o s s  s e c t io n  fo r  a lp h a  p a r t i c le s  w e re  ta k e n  f ro m  th e  w o rk  of 
Igo (Ig 59). T h e  a c tu a l v a lu e  of th e  b a r r i e r  w as ta k e n  f ro m  
Ig o 's  f ig u re  20 and  i t  i s  a p p a re n t th a t  th e  c a lc u la te d  c r o s s  s e c t io n  
at a g iv en  f r a c t io n  of th e  b a r r i e r  h e ig h t v a r ie s  s lo w ly  wri th  th e  
m a s s  n u m b e r  A . T h is  i s  b o rn e  out by  in s p e c tio n  of f ig u re  19 
of Ig o 's  p a p e r .
T h e  q u o tie n t, N (E ) /E  C T c , of th e  n u m b e r  N (E ), of e m itte d  
p a r t i c le s  in  a  g iv en  e n e rg y  ra n g e  at E  and th e  p ro d u c t E <£(E) 
w as p lo tte d  s e m i- lo g a r i th m ic a l ly  a g a in s t th e  e n e rg y  of th e  e m itte d  
a lp h a  p a r t i c l e s  ( f ig u re s  12, 13). T h e  v a r ia t io n  of th e  p ro d u c t 
E  0 l ( E ) a ls o  show n in  e ac h  g ra p h . V a lu es  d e r iv e d  f ro m  th e s e  
tw o g ra p h s  a r e  g iven  in  T a b le s  6 and  7. T he s lo p e s  of th e  g ra p h s  
a r e  d e r iv e d  at th e  p o s itio n  of th e  m a x im u m  in  th e  o r ig in a l  d a ta .
T h e  v a lu e  g iv en  fo r  a i s  d e r iv e d  a s s u m in g  th a t  a ll  th e  a lp h a  
p a r t i c le s  a r e  e m itte d  f ro m  th e  in i t ia l  com pound  n u c le u s .
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F ig .  12. o c p a r t i c l e  s p e c t r a  f r o m  F u l m e r  and G oodm an  (Fu 60) fo r
(p, cx) on n ic k e l  p lo t te d  in  th e  f o r m  l o g .^  ^ N ( E ) /  Je  E
u s in g  v a lu e s  of (TC(E) f r o m  Igo (Ig 59). A p lo t of 
log-^Q (E r c (E)) ^  E  i s  a lso  g iven . T h e  v e r t i c a l  s c a le
in t e r v a l  i s  2. 0.
- 9 7 -
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F ig .  13. o' p a r t i c l e  s p e c t r a  f r o m  F u l m e r  and G oodm an  (F u  60) 
f o r  (p, <x) in  rh o d iu m  p lo t te d  in  th e  f o r m  
loglO  { N ( E ) /  Ce  ^  (E)’] j  ^  E  u s in g  v a lu e s  fo r  
{Tc (E) f r o m  Igo (Ig 59). A plo t of
l o g ^ ( E  (T^(E )) ^  E i s  a l s o  g iven . T h e  v e r t i c a l  s c a le





B a r r i e r
2. 0 . 0i  o . o
- 100 -
T A B L E  6
V a lu es  of f  and  h e n ce  a f i r s t  a p p ro x im a t io n  to  a  d e r iv e d  f r o m  
(p, o t ) r e a c t i o n s  in  n ic k e l  58 w ith  a  g iven  p ro to n  e n e rg y  E p .
Ep(M eV ) T (M eV ) a (M eV _1J
2 2 .8 1 .36 9 .4
20. 2 1 .46 6. 90
17 .2 1. 51 5. 20
14. 9 1. 35 5. 00
13. 1 1. 27 4. 38
11. 3 1. 28 3. 24
T A B L E  7
V a lu es  of X  and h e n ce a f i r s t  a p p ro x im a t io n  to  a  d e r iv e d  f r o m
(p, o<i) r e a c t i o n s  in  r h o d iu m  103 w ith  a g iven  p ro to n  e n e rg y  E  .
Jr
E p (MeV) a(M eV ‘ 1)
23. 0 0. 975 2 0 .8
2 0 .0 0. 985 18. 3
17. 0 1 .0 6 1 2 .3
1 5 .0 0. 94 1 3 .2
13. 3 0. 97 10. 6
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T h e  p o in ts  p lo tte d  in  f ig u r e s  12, 13 a r e  not c o m p le te ly  
s a t i s f a c to r i ly  r e p r e s e n te d  by  a s s u m in g  th a t  th e y  l ie  on s t r a ig h t  
l in e s .  In  a l l  th e  s p e c t r a  in  f ig u re  13, f it t in g  th e  m e d iu m  e n e rg y  
w ith  a  s t r a ig h t  lin e  p lo t ,  w ill c a u s e  low  e n e rg y  e m is s io n  to  be 
u n d e re s t im a te d  by  a f a c to r  of a lm o s t te n .  If th e  s p e c t r a  a r e  
a s s u m e d  to  r e p r e s e n t  e m is s io n  f ro m  th e  h ig h e s t e n e rg y  in  th e  
c a s c a d e  th e n  th e  b a r r i e r  p e n e tr a t io n  m u s t be  u n d e re s t im a te d  by 
th is  f a c to r .  T h is  f ig u re  i s  h o w e v e r , not s ig n if ic a n tly  v a ry in g  f ro m  
e n e rg y  to  e n e rg y  in  th e  s e t .  W hat v a r ia t io n  th e r e  i s  s u g g e s ts  
th a t  i t  i s  s m a l le s t  fo r  th e  h ig h e s t  e x c ita tio n . If a d eq u a te  d e s c r ip t io n  
of th e s e  r e q u i r e d  a lo w e r  b a r r i e r  e n e rg y  a t h ig h e r  e n e rg y  in  th e  
com pound  n u c le u s  th e n  th e  f a c to r  by  w hich  low  e n e rg y  e m is s io n  
is  u n d e re s t im a te d  sh o u ld  in c r e a s e  s y s te m a tic a l ly  by th e  o r d e r  
of a  f a c to r  fiv e  a s  th e  b a r r i e r  lo w e rs  by one MeV in  th is  n u c le u s .
S ince  th e  Q v a lu e  fo r  th e  in i t ia l  (p , o c  )  r e a c t io n  in  th is  
c a s e  i s  6 . 2 M eV and fo r  th e  (p ,n )  r e a c t io n  i s  -1 . 5 MeV th e r e  i s  
p o s s ib ly  an e n e rg y  re g io n  a t th e  end of a c a s c a d e  w h e re  a lp h a  
e m is s io n  i s  f e a s ib le  b u t not n e u tro n  o r  p ro to n  e m is s io n .  T h is  
i s  s im i la r  to  a  s i tu a t io n  found by A lla n  (A1 58) fo r  p ro to n  e m is s io n  
f ro m  c o p p e r  63 and w ould  p ro d u c e  ju s t  th e  o b s e rv e d  e x c e s s  a t 
low  e n e r g ie s  fo r  th e  e m is s io n  of a lp h a  p a r t i c l e s .  T he h ig h  e n e rg y  
e m is s io n  in  th is  c a s e ,  w hich  a ls o  sho w s d e v ia tio n s  f ro m  s t r a ig h t  
lin e  p lo ts  of th e  s p e c t r a ,  m ay  be  due to  d i r e c t  p ic k  up  r e a c t io n s .
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F ig .  14. A p lo t of th e  a lp h a  p a r t i c l e  s p e c t r a  f r o m  F u l m e r  and 
G oodm an  fo r  (p, o i  ) on n ic k e l  in  th e  f o r m  
loglO  ^ N (E ) /  I E  0"c (E )]^  \ j U w h e re  U i s  th e
re m a in in g  e x c i ta t io n  e n e rg y  of th e  n u c le u s  a f t e r  th e  
e m is s io n  of an a lp h a  p a r t i c l e  of e n e rg y  E .  T h e  v e r t i c a l  
s c a le  i n t e r v a l  i s  1 .0 .
- 1 0 3 -
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S ince  th e  s p e c t r a  a r e  at 90° i t  i s  not p o s s ib le  to  d ec id e  on th is  
q u e s tio n  w ithou t f u r th e r  in fo rm a tio n .
B e s id e s  th e  c o n c lu s io n  th a t th e r e  i s  no e v id en c e  to  
r e q u i r e  a b a r r i e r  lo w e rin g  to  be g a in ed  f ro m  f ig u re s  12 and 13, 
it  is  a p p a re n t th a t  m o re  re f in e d  a n a ly s is  of th e  o th e r  f e a tu r e s  
of th e  s p e c t r a  i s  n e c e s s a r y  to  d is c o v e r  th e  c a u s e s  of th e  
a p p a re n t la r g e  v a r ia t io n  in  a .
S ince  th e  c u r v a tu r e  of th e  n ic k e l p lo ts  i s  in  th e  o p p o s ite  
d ire c t io n  to  th a t su g g e s tin g  a s t ro n g  d i r e c t  in te r a c t io n  c o m p o n e n t, 
and s in c e  th e  low  e n e rg y  end of th e  sp ec tru m , i s  f r e e  f ro m  any 
to o  s h a r p  d iv e rg e n c e s  f ro m  s t r a ig h t  l in e  p lo ts ,  i t  i s  of in t e r e s t  
to  a tte m p t f u r th e r  a n a ly s is  in  th is  c a s e .  It i s  s u g g e s tiv e  th a t  
th e  Q v a lu e  of th e  in i t ia l ( p ,  oi ) r e a c t io n  in  th is  c a s e  i s  -0 . 7 M eV 
so  th a t no c o m p lic a tio n s  of th e  ty p e  c o n s id e re d  fo r  rh o d iu m  a r e  
lik e ly  to  o c c u r  in  c a s c a d e  p r o c e s s e s .
T h e  v a r ia b le s  u s e d  in  f ig u re  12 sh o u ld  y ie ld  a  s t r a ig h t  
lin e  p lo t if  th e  le v e l d e n s ity  h a s  th e  fo rm  A exp (U / 't ' ), a s s u m in g  
o th e r  f a c t o r s , in  p a r t i c u la r  th e  b a r r i e r  p e n e tr a t io n  know n fo r  th e  
r e s id u a l  n u c le u s  a t a g iven  e x c ita tio n  e n e rg y  U . If th e  le v e l 
d e n s ity  h a s  th e  fo rm  A exp £ 2>/_aU ^then th e  p lo t of lo g  N / r E  U 
in s te a d  of lo g  N / irE ~~ E sh o u ld  y ie ld  a  s e r i e s  of p a r a l le l  s t r a ig h t  
l in e s  w hose  s lo p e  sh o u ld  give a  v a lu e  fo r  a . T h is  m eth o d  of 
re p lo t t in g  f ig u re  12 y ie ld s  th e  g ra p h s  in  f ig u re  14. It i s  a p p a re n t
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F ig .  15. A p lo t of th e  a lp h a  p a r t ic le  s p e c t r a  f ro m  F u lm e r  and 
G oodm an f ro m  (p, ) on n ic k e l in  th e  fo rm
lo g  | u 2N (E )/ |jE  <T (E)] } —  v/U w h e re  U i s  th e
re m a in in g  e x c ita tio n  e n e rg y  of th e  n u c le u s  a f te r  th e  
e m is s io n  of an  a lp h a  p a r t ic le  w ith  e n e rg y  E . T he 
v e r t i c a l  s c a le  in te rv a l  i s  1 .0 .
- 1 0 6 -
(6 .5  A
10.6 V
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th a t  th e r e  h a s  b e e n  c o n s id e ra b le  im p ro v e m e n t in  th e  re m o v a l of 
c u rv a tu re  f ro m  th e  l in e s  bu t th a t  th e y  a r e  s t i l l  not p a r a l l e l .
T he  fo r m  of th e  le v e l d e n s ity  d e r iv e d  in  C h a p te r  II . 4 
fo r  le v e ls  of a c o n s ta n t a n g u la r  m o m e n tu m  is  nex t t r i e d .
UJ (U) = A exp (2 /S Ü ) /U 2 .
T h is  s u g g e s ts  a  p lo t of lo g  f~(N/ <rE)U^J T h e  r e s u l t s  
of su c h  a p lo t m ay  be  s e e n  in  f ig u re  15. It i s  a p p a re n t th a t  th e r e  
i s  now a s l ig h t c u r v a tu r e  g iv ing  a lo w e r  slopea t h ig h e r  U on e a c h  
in d iv id u a l l i n e , b u t th a t  th is  a p p ro x im a tio n  s e e m s  to  y ie ld  p lo ts  
w hich  a r e  c lo s e ly  p a r a l l e l .  T he  s lo p e s  of th e  l in e s  g ive v a lu e s  
of ^ v a r y i n g  c o n tin u o u s ly  f ro m  9 .4  to  11. 8 M eV . T h is  is  
c o n s is te n t  w ith  th e  v a lu e s  of £i, show n in  T a b le  6 , d e r iv e d  f ro m  
th e  f i r s t  a p p ro x im a tio n s  to  th e  le v e l d e n s ity  u s in g  th e  h ig h e r  
e n e rg y  p o in ts ,w h ic h  w ould  be le a s t  in flu en c ed  by th e  e x t r a  f a c to r s  
in  th e  fo rm u la e  fo r  th e  le v e l d e n s ity .
It i s  p o s s ib le  th a t  th e  in te r n a l  c o n s is te n c y  of th e  r e s u l t s  
co u ld  be im p ro v e d  ev en  f u r th e r ,  by  u s in g  a c o n d e n sa tio n  e n e rg y  to  
r a i s e  th e  a p p a re n t z e r o  of th e  e n e rg y , and th u s  lo w e r  U in  th e  
p lo tte d  p o in ts .  Such a p ro c e d u re  w ould te n d  to  re m o v e  th e  
s lig h t c u r v a tu r e  in  th e  p lo ts  in  f ig u re  15. T h is  sh o u ld  h o w e v e r 
p e rh a p s  w a it fo r  r e s u l t s  of h ig h e r  re s o lu t io n .
V. 3 F u r t h e r  S im p le  C h a rg e d  P a r t i c l e  S p e c tra
F u lb r ig h t  L a s s e n  and P o u ls e n  (Fu 59) s c a t te r e d  a lp h a
- 1 0 8 -
F ig .  16. R e la tiv e  le v e l d e n s ity  p lo ts  f ro m  o( p a r t i c l e
s c a t te r in g  o b ta in e d  by F u lb r ig h t  P o u ls e n  and  L a s s e n
*
(Fu 59). E i s  th e  e x c ita t io n  e n e rg y  re m a in in g  in  
th e  s c a t te r in g  n u c le u s .
- 1 0 9 -
Fig. 15. The level density  p lo tted  as a function  of \ E * .
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p a r t i c le s  f r o m  n ic k e l ,  c o p p e r  and  z in c . T h ey  found d iff icu lty  
in  a n a ly s in g  t h e i r  r e s u l t s  u s in g  a le v e l  d e n s ity  of th e  fo rm  
[ A j  (U) = A exp (2 \ J 3.U ).
(It i s  a s s u m e d  h e r e  fo r  c o n s is te n c y  th a t  th e  tw o w as o m itte d  
by a m is p r in t  f ro m  th e  c o r re s p o n d in g  fo rm u la  in  (F u  59)). In  
f ig u re  15 in  (Fu 59) ( re p ro d u c e d  a s  f ig u re  16) i t  w as show n th a t 
a  le v e l  d e n s ity  of th e  fo r m  su g g e s te d  le d  to  a  s lig h t c u rv a tu re  
in  th e  p lo ts  of le v e l d e n s i t ie s .
Now a s  w as show n in  th e  p re v io u s  s e c tio n  a s s u m p tio n  
of a  le v e l  d e n s ity  of th e  fo rm  lo(U ) = A exp^2 vSXjJ/Uz le a d s  to  
a b e t t e r  f it  of e x p e r im e n ta l  d a ta . In  p a r t i c u l a r ,  if  in  th e  p lo t 
g iv en  in  f ig u re  16 th e  v a lu e  of log-^Q N (E ) at \ J v  = 2. 5 i s  0. 035 
b e lo w  th e  l in e  jo in in g  th e  v a lu e s  a t \|u = 2 and  \ f u  = 3, th e n  
p lo ttin g  th e  d a ta  in  th e  fo rm
sho u ld  y ie ld  a  s t r a ig h t  l in e .  A s f a r  a s  c an  b e  s e e n  f r o m  f ig u re  16
th is  i s  of th e  r ig h t  o r d e r  of m a g n itu d e . T h en  th e  v a lu e  c h o se n
fo r  2 yfa b e tw e e n  2 and  3 w ould  be  in c r e a s e d  by  an  am o u n t 
3 9(4 lo g e - 4 lo g  ) £2- 1 .6 2 . T h u s  th e  v a lu e s  g iven  by th e  o r ig in a l  
a n a ly s is  f o r  a sh o u ld  be  in c r e a s e d  to  1 0 .5 , 9 .4  and 1 1 .5  MeV  ^
r e s p e c t iv e ly  fo r  n ic k e l ,  c o p p e r  and  z in c .
A lla n  (A1 58) h a s  a n a ly se d  th e  e n e rg y  s p e c t ru m  of
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p ro to n s  e m it te d  f ro m  c o p p e r  b o m b a rd e d  w ith  14 MeV n e u tro n s .
He h a s  show n th a t  th e  s p e c t ru m  fa l ls  in to  tw o d is t in c t  p a r t s .
T he u p p e r  e n e rg y  p ro to n s  a r i s e  a lm o s t e x c lu s iv e ly  f ro m  th e i r  
in i t ia l  e m is s io n  of a  p ro to n ; and th e  lo w e r  e n e rg y  g ro u p  fo llow  
th e  in i t ia l  e m is s io n  of a  n e u tro n , le a v in g  th e  n u c le u s  be lo w  th e  
th r e s h o ld  fo r  n e u tro n  e m is s io n ,  bu t s t i l l  c a p a b le  of e m itt in g  a 
p ro to n . T h e s e  p o r t io n s  of th e  s p e c tru m  y ie ld  T  = 1, 0 MeV and 
0 .4  M eV r e s p e c t iv e ly .  T h e  h ig h e r  v a lu e  c o r r e s p o n d s  to  a  p ro to n  
en e rg y  of th e  o r d e r  7 M eV and a Q v a lu e  of 0. 72 M eV . T h u s th e  
r e s id u a l  n u c le u s  h a s  an  e x c ita tio n  e n e rg y  of about 8 M eV . A llo w ­
in g  fo r  a  p a ir in g  e n e rg y  th e  va lu e  fo r  a i s  8. 5 M eV \  T he 
sec o n d  s p e c tr u m  i s  ta k e n  at an e n e rg y  be lo w  th e  p a ir in g  e n e rg y , 
w hich  w ould  r e s u l t  in  a m e a n in g le s s  a n s w e r  if  th e  n o rm a l p ro c e d u re  
w e re  fo llo w ed  to  e v a lu a te  a .  S to re y , J a c k  and W ard  (St 60) 
u s e d  ( n ,p ) r e a c t io n s  w ith  th e  e n e rg y  of th e  n e u tro n  1 3 .0 , 1 4 .1  and  
17. 5 M eV . T he  t a r g e t s  w e re  of a lu m in iu m  and of s ix  e le m e n ts  
a ro u n d  n ic k e l . U sin g  v a lu e s  fo r  CTc f r o m  B la tt  and  W eissk o p f 
(Bl 52) c u rv e s  w e re  p lo tte d  of th e  r a t i o ,  N (E ) /(E  0" ), of th e  
n u m b e r  of p ro to n s  e m it te d  w ith  a  g iv en  e n e rg y , N (E ), to  th e  
p ro d u c t of th a t  e n e rg y  and  th e  in v e r s e  c r o s s  s e c t io n  0~  , a g a in s t  
th e  e n e rg y  E of th e  e m it te d  p ro to n . A s t r a ig h t  l in e  g iv ing  th e  
b e s t  f it to  p o in ts  w hose  p ro to n  e n e r g ie s  w e re  above 6 MeV w as 
u s e d  to  o b ta in  a  t e m p e r a tu r e .  F r o m  b o m b a rd m e n t of th e  n u c leu s
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c o p p e r  63 , w hich  w as a ls o  s tu d ie d  by  A llan  a t an  a lm o s t  id e n tic a l  
e n e rg y , a  te m p e r a tu r e  w as o b ta in ed  of 1 .4 4  MeV c o m p a re d  w ith  
1. 0 M eV f r o m  A lla n 's  w o rk . T h e  d if fe re n c e  cou ld  be p a r t ly  
e x p la in e d  by  n o tin g  th a t  A llan  to o k  a te m p e r a tu r e  o v e r  th e  
e n e rg y  ra n g e  of about 5 M eV to  9 M eV , in  p ro to n s  e m itte d  in  
th e  b a c k w a rd  d i r e c t io n ,  w h e re a s  S to re y  e t a l u s e d  e s s e n t ia l ly  
a ll  d ir e c t io n s  of e m is s io n ,  and  a ll  e n e r g ie s  h ig h e r  th a n  6 M eV.
A low  e n e rg y  e x c e s s  of p ro to n s ,  f ro m  a lm o s t a l l  th e  n u c le i 
m e n tio n e d  by  S to re y  s e e m s  to  be  c o n s is te n t  w ith  th e  (n ,n p )  
m e c h a n is m  s tu d ie d  by A lla n . T h e  t e m p e r a tu r e s  quo ted  by  S to rey  
f ro m  th e  a n a ly s is  and  th e  c o n se q u e n t v a lu e s  fo r  th e  p a r a m e te r  a 
(in th e  r e s id u a l  n u c le i)  a r e  s e t  out in  T ab le  8.
R e s u lts  of s im i l a r  e x p e r im e n ts  by C o lli and  o th e r  
a u th o rs  (Co 57), (Co 58) w e re  r e - a n a ly s e d  by  G lo v e r , P u r s e r  
and W eigo ld  (p r iv a te  c o m m u n ic a tio n ) . In  th e  r e - a n a ly s i s  r e s u l t s  
of f u r th e r  e x p e r im e n ts  to  o b ta in  a n g u la r  d is t r ib u t io n s  and  c a p a b le  
of d is t in c t io n  b e tw ee n  p ro to n s  and d e u te ro n s ,  w e re  u s e d . A f te r  
a llo w in g  fo r  d i r e c t  in te r a c t io n s  and fo r  th e  s p e c tru m  f ro m  (n , np) 
G lo v e r  and  P u r s e r  found fo r  a  th e  v a lu e  6. 9 M eV -  ^ in  c o b a lt 58 
and  G lo v e r  and  W eigo ld  found th e  v a lu e  4 . 1 M eV -  ^ fo r
m a g n e s iu m  27.
- 1 1 3 -
T A B L E  8
A n a ly s is  of (n ,p )  e x p e r im e n t s  (St 60)
N uc lide ^ (M eV ) a(M eV X)
M g27 1. 75 3 .0
M n54 1 .65 3 .6
M n56 1 .4 5 3 .4
C o 58 1 .575 3. 9
F e 59 1 .5 9 3 .4
C o 60 1 .4 8 2. 19
N i63 1 .4 4 5 .0
C u64 1 .44 5 .5
N i65 1. 76 3. 0
V. 4 H eavy  Ion E x p e r im e n t s
If a  n u c le u s  of a  l ig h t  e le m e n t  e .  g. , n i t r o g e n  i s
a c c e l e r a t e d  s u f f ic ie n t ly  to  p e n e t r a t e  a n o th e r  n u c le u s ,  fu s io n  m a y  
r e s u l t .  T h e  b in d in g  e n e rg y  f r o m  fu s io n ,  w hich  m a y  be  p o s i t iv e  
o r  n e g a t iv e ,  t o g e th e r  w ith  th e  k in e t ic  e n e rg y  in  c e n t r e  of m a s s  
s p a c e ,  g iv e s  th e  e x c i ta t io n  e n e r g y  of th i s  n u c le u s .  T h e r e  i s  no 
r e a s o n  to  ex p ec t  th e  r e a c t i o n  to  be  c o m p l ic a te d  by h igh  e n e r g y  
d i r e c t  p a r t i c l e s .
T h e r e  a r e  h o w e v e r  d i f f ic u l t ie s  in  i n t e r p r e t a t i o n  of
s u c h  r e s u l t s .  T h e  p r o c e s s e s  of a c c e l e r a t i o n  r e n d e r  i t  d if f icu l t
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to  a s s e s s  th e  e x a c t io n iz a tio n  and h e n ce  th e  e n e rg y  of th e  b o m ­
b a rd in g  n u c le i .  In  th e  a c tu a l c o l l is io n  p r o c e s s ,  b r e a k  up of 
th e  b o m b a rd in g  n u c le u s  c a n  o c c u r  b e fo re  fu sio n ; su ch  e ffe c ts  
a r e  d e s c r ib e d  u n d e r  th e  n a m e s  of " s t r ip p in g " ,  " g ra p e  sh o t e ffe c t"  
and " e v a p o ra t io n  f r o m  lo c a l hot s p o ts " .  T h e se  w ill le a d  to  to o  
h igh  a t e m p e r a tu r e  if  d is r e g a r d e d  in  c a s e s  in  w hich  th e y  o c c u r .
E v en  in  c a s e s  w h e re  fu s io n  o c c u r s  th e  r e s u l t in g  n u c le u s  m ay  
h av e  a h igh  a n g u la r  m o m e n tu m , ^ 5 0 X. , a c c o rd in g  to  Knox and 
c o l la b o r a to r s  (Kn 59), w h ich  r e s u l t s  in  p ro n o u n c e d  fo rw a rd  and  
b a c k w a rd  p e ak in g  in  th e  e m it te d  p a r t i c l e s .  In  r e a c t io n s  in  w hich  
th e  b o m b a rd e d  n u c le u s  i s  v e ry  h eav y  (Si 58) (B a 57), th e  p re v a le n c e  
of f i s s io n  r e a c t io n s  c o n fu se s  th e  in te r p r e ta t io n  and  no re l ia b le  
e s t im a te s  of n u c le a r  t e m p e r a tu r e s  h av e  b e e n  m ad e  in  th is  c a s e  
a s  y e t .
G oodm an  and N eed  (Go 58) b o m b a rd e d  b e ry l l iu m  w ith  
n itro g e n  and  found th a t  th e  le v e l d e n s ity  in  th e  v a r io u s  r e s id u a l  
n u c le i fo rm e d  co u ld  be  r e p r e s e n te d  by
tu (E ) = c e x p {  2 [ a ( E  -  b ) ]  (4 .1 )
and
E  = a t 2 + b . (4. 2)
E  i s  th e  e x c ita t io n  e n e rg y  of th e  r e s id u a l  n u c leu s  and b p la y s  th e  
paid; of a  c o n d e n sa tio n  e n e rg y . T he  r e s u l t s  found a r e  show n in
T a b le  9.
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T A B L E  9
R e s u l t s  of b e r y l l i u m ,  n i t ro g e n  
r e a c t io n s
r e a c t io n  p ro d u c ts a (M eV _1) b(M eV )
c*  + F 19 1 .1 0
d  + N e 21 1 .4 0
p + N e 22 2 .6 4 .9
T h e  w ide v a r i a t i o n  of th e  p a r a m e t e r s , o v e r  s u c h  a
s m a l l  r a n g e  of a to m ic  m a s s ,  a p p e a r s  l a r g e r  th a n  would be  
e x p ec te d  f r o m  p a i r in g  e n e rg y  c o n s id e r a t i o n s ,  w h ich  a ls o  s u g g e s t  
a n o n - z e r o  v a lu e  f o r  b f o r  th e  odd m a s s  n u c le i ,  a s  w e ll  a s  f o r  
th e  ev en  n u c le i .  T h e  a u th o r s  h o w e v e r  c o n s id e r e d  th a t  on th e  
e x p e r im e n ta l  d a ta  th e  v a lu e  f o r  a h ad  an  e r r o r  of at m o s t  
- 0 . 2  MeV  ^ and th e  e r r o r  of b w as  not g r e a t e r  th a n  t  0 .5  M eV . 
R e s u l t s  f r o m  t r i t o n  e m is s io n  le a v in g  neon  20, th o u g h  l e s s  w ell 
d e t e r m in e d ,  w e re  th e  s a m e  a s  th o s e  f o r  n eo n  22. B e t t e r  a p p r o x im ­
a t io n s  m ig h t  b e  a c h ie v e d  by  u s in g  a s  w ell a s  a  c o n d e n s a t io n  e n e rg y  
th e  a p p ro x im a t io n  ib>(E) = A (E  - b )~ 2 exp £ 2 /~a(E - b ) } . It i s  
a lso  p o s s ib le  to  su g g e s t  th a t  th e  d e u te r o n s  and a lp h a  p a r t i c l e s  
a r e  n a tu r a l  d i r e c t  p r o d u c ts  in  th e  b re a k u p  of a n i t r o g e n  n u c le u s ,  
w hich  w ould  r e s u l t  in  to o  low  a  v a lu e  f o r  a  b e in g  o b ta in ed .
P a r f a n o v ic h ,  R ab in  and  S em ch in o v a  (P a  5 7) i n t e r p r e t e d  r e s u l t s
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w ith  oxygen  b o m b a rd m e n t a s  c o n flic tin g  w ith  su ch  a  m o d e l. It 
i s  h o w e v e r  d is tu rb in g  th a t  th e  c o u n te r  in  th e  G o o d m an -N eed  
e x p e r im e n t sh o u ld  be  p la c e d  in  th e  m o s t l ik e ly  p o s it io n  to  re c e iv e  
su c h  p a r t i c l e s  and  th a t  Knox e t a l (Kn 59) found a s ig n if ic a n t 
g ro u p  of o c p a r t i c l e s ,  w ith  a  fo rw a rd  p e ak e d  d is t r ib u t io n ,  in  a 
s im i l a r  e x p e r im e n t u s in g  oxygen  and n ic k e l a t 162 M eV , and 
h av in g  an  e n e rg y  of 40 M eV , w hich  i s  ju s t  th e  fo rw a rd  k in e tic  
e n e rg y  of th e  sa m e  g ro u p  of p a r t i c le s  in  th e  a c c e le r a te d  oxygen 
n u c le u s .
Z u c k e r  (Zu 58) b o m b a rd e d  a lu m in iu m  w ith  n itro g e n  
and  a s s u m e d  a le v e l  d e n s ity  s im i la r  to  G oodm an and N eed  bu t 
w ithou t a c o n d e n sa tio n  e n e rg y . T he r e s u l t s  a r e  g iven  in  T a b le  10.
T A B L E  10
R e s u lts  of a lu m in iu m , n i tro g e n  
r e a c t io n s
-1
r e a c t io n  p ro d u c ts a(M eV  )
+ A 37 4. 1 - 0 .3
p + K40 5 .0  - 0 .2
V. 5 A c tu a l L e v e l C o u n ts  F r o m  C h a rg e d  P a r t i c l e  R e a c tio n s
T he r e s u l t s  c o n s id e re d  so  f a r  h av e  a ll  b e e n  in  fo rm s
a llo w in g  a t b e s t ,  a  v a r ia t io n  of le v e l d e n s ity  w ith  e x c ita tio n  
e n e rg y  to  b e  c o n s id e re d .  It w ould be u se fu l to  be  ab le  to  c o m p a re
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t h e s e  r e s u l t s  w ith  a c tu a l  le v e l  d e n s i t i e s  and  h e n ce  th e  im p l ic i t  
v a lu e s  of in  e n e r g y  r e g io n s  w h e re  b o th  q u a n t i t ie s  a r e  
a v a i la b le .
Such a c o m p a r i s o n  h a s  b e e n  a t te m p te d  by  E r i c s o n  
(E r  59) u s in g  p , p ' )  a n d (d ,p )  d a ta  f r o m  th e  M . I . T .  Van de G ra a f f  
g e n e r a to r .  C a r v e r  and J o n e s  (Ca 60) m ad e  a count of le v e l s  
in  c o p p e r  5 9 u s in g  (p, /  ) r e a c t io n s  f r o m  n ic k e l  58 and m e a s u r in g  
th e  c r o s s  s e c t io n  f r o m  th e  b e ta  a c t iv i ty  a f t e r  b o m b a r d m e n t .
T h e  m a in  u n c e r ta in ty  in  su ch  m e a s u r e m e n t s  i s  w h e th e r  
a ll  l e v e l s  a r e  d e te c te d .  T h u s  an  a n a ly s i s  of (d ,p )  m e a s u r e m e n t s  
in  c a lc iu m  i s o t o p e s ,  c a r r i e d  out by F r e n c h  and R az ( F r  56), 
s u g g e s te d  th a t  an  a p p r e c ia b le  c r o s s  s e c t io n  d epended  on th e  
m e a s u r e d  le v e l  b e in g  w ell d e s c r ib e d  a s  a  s in g le  p a r t i c l e  e x c i ta t io n  
of th e  r e s u l t i n g  n u c le u s .  D i s c u s s in g  th e  s u b je c t  of m i s s e d  le v e l s  
h o w e v e r ,  E r i c s o n  h a s  p o in ted  out th a t  th e  le v e l s  p o p u la ted  by 
(p ,p #) and (d ,p )  p r o c e s s e s  a r e  id e n t ic a l  up to  qu ite  h igh  e n e r g i e s .  
A f te r  d i s c u s s in g  w h e th e r  c lo s e ly  s p a c e d  l e v e l s  would be  r e s o lv e d  
at th e  h igh  e n e rg y  end of th e  m e a s u r e m e n t s ,  E r i c s o n  a s s ig n s  
c o n s ta n t  t e m p e r a t u r e s  o v e r  th e  whole of th e  low  e n e rg y  s p e c t r a  
of th e  e l e m e n t s  he d i s c u s s e s .  R e s u l t s  a r e  show n in  T a b le  11.
A lthough  th e  r e s u l t s  a r e  not c o m p a r a b le  to  th o s e  f r o m  
a F e r m i  g a s , a v a lu e  fo r  th e  p a r a m e t e r  a  w as o b ta in ed  f r o m  
E r i c s o n ' s  d a ta ,  a s s u m in g  th a t  th e  t e m p e r a t u r e s  w e re  th o s e  at
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4 MeV e x c i ta t io n .
T A B L E  11
N u c le a r  p a r a m e t e r s  f r o m  E r i c s o n ' s  le v e l  c o u n ts .
N u c leu s T e m p e r a t u r e  (MeV) a (M e V " 1)





1 .6 3 .1
M n56 1 .15 5 .2
F e 55 1 .2 4 .8
F e 57 1 .2 4 .7
58F e 1 .2 4 .8
T he  e x p e r im e n t  of C a r v e r  and  J o n e s  u s e d  th e  fa c t  th a t  
g a m m a  w id ths  a r e  m u c h  s m a l l e r  th a n  th o s e  fo r  p ro to n s  of low 
a n g u la r  m o m e n tu m .  S im p le  c a lc u la t io n  s u g g e s te d  th a t  a l l  l e v e l s  
w hich  co u ld  be  e x c i te d  by  p r o to n s  of a n g u la r  m o m e n tu m  l e s s  th a n  
o r  eq u a l  to  five  and  w ith  an  a p p re c ia b le  g a m m a  t r a n s i t i o n  to  a 
s ta t e  s ta b le  a g a in s t  p a r t i c l e  e m is s io n ,  would be  o b s e r v e d .  W ith  
a  low  v a lu e  f o r  th e  m o m e n t  of i n e r t i a  of th e  n u c leu s  due to  th e  
s m a l l  e x c i t a t io n  th i s  w as  ta k e n  a s  ev id en c e  th a t  about n in e ty  p e r  
c en t  of a ll  l e v e l s  w e re  s e e n .  T h e  o b s e r v e d  le v e l  d e n s i t i e s  w e re  
th e n  f i t te d  to  th e  f o r m





F ig .  17. L e v e l d e n s ity  c o u n ts  UJ (U) by  C a r v e r  and Jo n e s
(Ca 60) }X , to g e th e r  w ith  p lo ts  of fu n c tio n s  a p p ro x im a tin g  
to  th e  le v e l d e n s i t ie s .  T he p lo t i s  in  th e  fo rm  
l o g 1 0 ^ ( U )  ~ U (see  te x t) .












w hich  a ls o  f i t te d  a  po in t d e r iv e d  f ro m  th e  know n low  e n e rg y  
r e s o n a n c e s  in  c o p p e r  59. T h is  m a k e s  no a llo w an ce  fo r  p a ir in g  
e n e rg y , b u t s in c e  th e  n u c le a r  t e m p e r a tu r e  i s  of th e  o r d e r  1 .5  
at th e  h ig h e r  e n e rg y  p o in ts ,  an  in c r e a s e  by t  and  a d e c r e a s e  by
A « 1 . 4  M eV in  th e  v a lu e  of U in  th e  d e n o m in a to r  w ill h av e
a lm o s t c a n c e ll in g  e f f e c ts .  A llo w an ce  fo r  p a ir in g  e n e rg y  on th e  
F e r m i  g as m o d e l e x p r e s s ly  r e m o v e s  th e  low  e n e rg y  po in t f ro m  
c o n s id e ra t io n .
If a ll  le v e ls  w e re  s e e n  a F e r m i  g as m o d e l g iv es  as  
th e  le v e l d e n s ity
exp 2 / a Uic  (U )
12 v'ic (U + t j 5/*
w h e re  c i s  th e  m o m en t of in e r t i a  of th e  n u c le u s .
E q u a tio n  of (5. 1) to  (5 .2 )  w ith  U s u b s t i tu te d  fo r  (U + t)
w ould  r e q u i r e  c = ^ 1 U  w hich  i s  a p p ro x im a te ly  five  t im e s  th e
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v a lu e  found by  C a r v e r  and Jo n e s  f ro m  c o m p a r is o n  of le v e l 
d e n s i t ie s  of know n sp in  w ith  th e  to ta l  le v e l d e n s ity .
In  f ig u re  16, C a r v e r  and J o n e s ’ p o in ts  a r e  c o m p a re d  
w ith  t h e i r  a p p ro x im a te  fo rm  of th e  le v e l d e n s ity . A lso  p lo tte d  
i s  a  le v e l  d e n s ity  b a s e d  on a  v a lu e  of g^the s in g le  p a r t ic le  le v e l 
density^ of 5 M eV - "'", a c o n s ta n t v a lu e  of A  = 2. 8 M eV , and
(5 .2 )
2. 22; u s in g  th e  m o d e l g iv en  in  s e c t io n s  3, 4 and 5 of
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C h a p te r  II I . It i s  s e e n  th a t th e  e m p ir ic a l  fit to  th e  h ig h e r  e n e rg y
p o in ts  i s  q u ite  good in  b o th  c a s e s , bu t th a t  th e  low  e n e rg y  po in t
is  not d e s c r ib e d  by  th e  p a ir in g  e n e rg y  m o d e l. It i s  a lso  s e e n  th a t
th e  C a r v e r  and  J o n e s  fo rm u la  i s  v e ry  c lo se  to  a  " c o n s ta n t
te m p e r a tu r e  a p p ro x im a tio n ” in  th is  ra n g e  of e n e r g ie s .
A s a t e s t  of th e  im p o r ta n c e  of o b s e rv in g  le v e ls  of a ll
a n g u la r  m o m e n ta  in  th e  v a lid ity  of d e r iv e d  v a lu e s  of ¥, , th e
v a lu e s  of X. w h ich  w ould  b e  o b ta in e d  w ith  th e  p a ir in g  e n e rg y
m o d e l a b o v e , and  v a r io u s  r e s t r i c t i o n s  on th e  le v e ls  s e e n ,  w e re
c a lc u la te d  and  a r e  p lo tte d  in  f ig u re  17.
If e v e ry  le v e l i s  o b s e rv e d  w ith  th e  m u ltip l ic i ty  of th e
p ro je c te d  v a lu e s  of i t s  s p in , th e  u s u a l  v a lu e  of V  i s  o b ta in e d .
£
T h is  c o r r e s p o n d s  to  a  f a c to r  U in  th e  d e n o m in a to r  of th e  le v e l 
d e n s ity  fo rm u la .
If a ll  th e  le v e ls  a r e  o b s e rv e d  bu t w ithou t th is  m u ltip l ic i ty
V
th e  d e n o m in a to r  c o n ta in s  an  a p p ro x im a te  f a c to r  U a , w hich  is  
o b ta in ed  by  n e g le c tin g  th e  e n e rg y  v a r ia t io n  of th e  m o m en t of 
i n e r t i a .
If le v e ls  w ith  a s e t  v a lu e  of J  only  a r e  o b s e rv e d , th e
o
d e n o m in a to r  f a c to r  i s  U . T h is  a g a in  n e g le c ts  th e  e n e rg y  v a r ia t io n  
of th e  m o m en t of in e r t i a ,  and  now a ls o  of th e  e x p o n en tia l t e r m  in  
th e  J  d ep en d en ce  of th e  le v e l d e n s ity .
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F ig .  18. P lo ts  of v a r io u s  v a lu e s  of th e  a p p a re n t lo g a r i th m ic
le v e l d e n s ity  d e r iv a t iv e  X  a g a in s t th e  th e rm o d y n a m ic  
te m p e r a tu r e  t  fo r  a  n u c le u s  w ith  a  s in g le  p a r t ic le  le v e l 
d e n s ity  g = 5 MeV \  a  p a ir in g  e n e rg y  A ^  2. 80 MeV 
and m e a n  s q u a re  p ro je c t io n  v a lu e  of th e  a n g u la r
om o m e n tu m  of le v e ls  n e a r  th e  F e r m i  le v e l m  = 2. 223.
X  d ep en d s  on a l l  le v e ls  and th e  m u ltip l ic i ty  of
p ro je c te d  v a lu e s  of t h e i r  sp in . X  d ep en d s  on le v e ls
J
of a  s in g le  v a lu e  of J ,  in  th is  c a s e  J ~ j ,  Xp  d ep en d s  
on a ll le v e ls  w ith  J  4 i ,w ith o u t c o n s id e r in g  d if fe re n t 
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V I. DATA FR O M  N EU TRO N  REA CTIO N S 
V I. 1 T h e rm a l  N e u tro n s
B ein g  u n c h a rg e d , S w ave n e u tro n s  c an  a p p ro a c h  a 
n u c le u s  w ith  ev en  th e  s m a l le s t  of k in e tic  e n e r g ie s .  A com p o u n d  
n u c le u s  r e s u l t in g  f ro m  c a p tu re  h a s  h o w ev er c o n s id e ra b le  
e x c ita tio n  and  q u ite  ty p ic a l ly  th e  a v e ra g e  le v e l sp a c in g  at th i s  
e n e rg y  m a y  be  only  a  few  e le c t r o n  v o lts  in  a  h eav y  n u c le u s .
A n e u tro n  w ith  a  th o u sa n d  e le c t r o n  v o lts  k in e tic  e n e rg y  t r a v e l s  
about fo r ty  c e n t im e tr e s  in  a  m ic ro s e c o n d  so  th a t a c c u r a te  t im e  
of f lig h t m e a s u re m e n t  c an  be  m ad e  and  le v e ls  c lo s e r  th a n  one 
e le c t r o n  v o lt a p a r t  c an  be  r e s o lv e d .
D a ta  ta k e n  f ro m  S to lovy  and  H a rv ey  (St 57) and 
C a m e ro n  (C a 58) i s  g iven  in  T a b le  12. F u r th e r  d a ta  f ro m  H u g h e s , 
M agurno  and  B r u s s e l  (Hu 6 0) sh o u ld  be  u se d  in  any r e v is io n  of 
th is  s e c t io n .  T h e  f i r s t  co lu m n  is  th e  com pound  n u c le u s , w ith  
i t s  a to m ic  and m a s s  n u m b e r s ,  fo rm e d  in  each  c a s e  f ro m  n e u tro n  
c a p tu r e .  T h e  nex t co lu m n  i s  th e  b in d in g  e n e rg y  of th e  n e u tro n .
T h e  v a lu e s  of th e  p a ir in g  e n e rg y , A,, g iven  by fo rm u la  (III. 3 . 1) 
w as u s e d  a s  a  c o n d e n sa tio n  e n e rg y  of an ev en  n u c le u s . T h is  
am o u n t w as s u b tr a c te d  f ro m  th e  n e u tro n  b in d in g  e n e rg y  to  g ive 
an a p p a re n t v a lu e  of th e  e x c ita tio n  e n e rg y  U in  th e  u n c o n d en se d  
s ta te  of th e  com pound  n u c le u s . F o r  odd m a s s  n u c le i th e  am o u n t 
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F ig .  19. L o g  of th e  le v e l d e n s ity  a t th e  n e u tro n  b in d in g  e n e rg y  
w ith  th e  sp in  d ep en d en ce  re m o v e d  on th e  a s s u m p tio n  
th a t  it is  p ro p o r t io n a l  to  2J + 1, p lo tte d  a g a in s t  th e  
m a s s  n u m b e r  A of th e  n u c lid e . Ü o d d ^  A odd N ,
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F ig .  20. A v a lu e  of th e  p ro d u c t 4aU a s  d e r iv e d  in  T a b le  19
f ro m  e x p e r im e n ta l  d a ta ;p lo tte d  a g a in s t  A jthe a to m ic  
m a s s  n u m b e r . T h is  q u an tity  i s  in te r p r e te d  a s  fo u r  
t im e s  th e  p ro d u c t of th e  p a r a m e te r  a  d e s c r ib in g  th e  
s in g le  p a r t i c le  le v e l  sp ac in g ^an d  th e  e ffe c tiv e  
e n e rg y  U a t th e  n e u tro n  b in d in g  e n e rg y .
□  odd Z ; A odd N, •  ev en  0  odd.
L j- a .  U Lj-OO -
A
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u n c o n d e n se d . T h e  am oun t a c tu a lly  s u b t r a c t e d ^  p^is show n in  
th e  th i r d  c o lu m n .
In  th e  nex t c o lu m n  i s  th e  v a lu e  of th e  sp in  J  of th e  
t a r g e t  n u c le u s  in  i t s  g ro u n d  s ta t e .  S w ave n e u tro n s  e x c ite  le v e ls  
of sp in  J  - i  fo r  J  not eq u a l to  ze ro ^ an d  le v e ls  of sp in  one h a lf  
fo r  J  = 0. Such le v e ls  w ill a ls o  h av e  th e  p a r i ty  of th e  g round  
s ta t e .  T h e  e x p e r im e n ta l  le v e l  sp a c in g  D (E ^ ), w hich fo llo w s 
w ill have  th e  h ig h e s t e r r o r s  a t la r g e  v a lu e s  of D b e c a u s e  of th e  
c o n ta m in a tio n  w ith  d and p w a v es .
In  th e  fo rm u la  (II. 3. 23) le v e l  d e n s i t ie s  of a  s in g le  
p a r i ty  and  J  v a lu e
UJ ( U , N , Z , J )
(2 J  + l ) T e x p [  2 V~aU -  (J  + | ) / 2 c t }  
( U + t ) 2 96 fsT g (m 2 )Vl
th e  c o n tr ib u tio n  of th e  ex p o n en tia l t e r m  to  th e  J  d ep en d en ce  is  
a s s u m e d  to  be s m a l l ,  so  th a t  th e  d ep en d en ce  on the  sp in  of th e  
t a r g e t  m ay  be  re m o v e d  by m u ltip ly in g  th e  le v e l sp ac in g  by  (2J + 1) 
T he  lo g  of th e  q u an tity  o b ta in e d  is  g iven  in  th e  fo llow ing  c o lu m n  
of th e  ta b le  and is  p lo tte d  a g a in s t  th e  m a s s  n u m b e r A in  f ig u re  19.
T he c o n tro ll in g  f a c to r  in  (II. 4. 23) i s  exp 2 v/liU. T h is  
m ay  be  e v a lu a te d  f ro m  th e  m e a s u re d  le v e l d e n s ity  u s in g  a p p ro x i­
m a te  v a lu e s  of th e  p a r a m e te r s  n eed ed  in  th e  o th e r  f a c to r s .  In
th e  ta b le  th e  v a lu e  of 4 \/ aU w as o b ta in ed  u s in g  a ^  to  e v a lu a te
2 /
t  and  g in  th e  d e n o m in a to r ,  and  ^  0. 146 A ; f ig u re  20 is
- 132 -
F ig . 21. The va lu e  of the p a ra m eter  a d er iv ed  fro m  le v e l  sp a c in g s  
at the neutron b inding energy  p lotted  again st A , the  
atom ic m a ss  num ber - 13 odd Z , A odd N , •  ev en ,
0  odd. F o r  co m p a r iso n  a cu rve  of v a lu es  of a d er ived  
fro m  M iss  R o ss  (Ro 57) i s  in clu d ed .
A
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F ig .  22. A v a lu e  of th e  c o n d e n sa tio n  e n e rg y , o v e r  and  above 
th e  p a ir in g  e n e rg y , r e q u ir e d  to  fit th e  v a lu e s  of th e  
le v e l  d e n s ity  a t th e  n e u tro n  b in d in g  e n e rg y ; u s in g  
fo r  a  v a lu e s  g iv en  by  M iss  R o ss  (Ro 5 7). T he  v a lu e  
of th is  c o n d e n sa tio n  e n e rg y  d e r iv e d  w ith  th e  BCS 
m o d e l i s  a ls o  show n fo r  a  p a ir in g  e n e rg y  
A= 3 .3 6  (1 - A /4 0 0 )  M eV (St 57).
E? odd Z , A odd N , •  e v e n , o odd .
10.0
U -  LL M eV
A A
.9 0 0
- 10 . 0
A
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a p lo t of 4 aU a g a in s t  A . A ssu m in g  the  v a lu e  of U is  th a t  found 
by  s u b tr a c t in g  th e  p a i r in g  e n e rg y  f r o m  th e  b in d in g  e n e rg y  a llo w s  
a v a lu e  of a  to  b e  found . T h is  i s  in  th e  ta b le  and i s  p lo tte d  in  
f ig u re  21 a g a in s t  A , T h e  f in a l co lu m n  of th e  ta b le  show s th e  e x t r a  
c o n d e n sa tio n  e n e rg y  r e q u i r e d  if  i t  i s  a s s u m e d  th a t th e  v a lu e  of a 
is  a s im p le  m o n o to n ic  fu n c tio n . T h is  e n e rg y , w hich  i s  p lo tte d  
in  f ig u re  22 a g a in s t  A is  o b ta in ed  u s in g  v a lu e s  fo r  a  f ro m  th e  w o rk  
of M iss  R o ss  (Ro 57).
F r o m  th e  f i g u r e s , s t ro n g  s h e ll  e f fe c ts  a r e  e v id e n t.
F ig u r e  22 a ls o  s u g g e s ts  th a t  th e  co n cep t of a  c o n d e n sa tio n  e n e rg y  
i s  not m u ch  h e lp  in  l ig h t n u c le i ,  a s  would be  e x p ec te d  f ro m  th e  
fa c t th a t  th e  v a lu e  c a lc u la te d  f ro m  th e  p a ir in g  e n e rg y  i s  s m a l l e r  
th e r e  th a n  th e  p a ir in g  e n e rg y  i t s e l f .  Such c o n c lu s io n s  m ay  be  
d raw n  f ro m  th e  d a ta  w ith  r e f e r e n c e  to  a s p e c if ic  m o d e l of th e  
n u c le u s , b u t i t  is  m is le a d in g  to  a n a ly se  th e  d a ta  in  is o la t io n .
T h u s N ew ton  (Ne 56) and C a m e ro n  (Ca 58) u se d  a n a ly s e s  w hich  
a s s u m e d  th a t  th e  le v e l  d e n s ity  w as p ro p o r t io n a l  to  th e  fo rm  u s e d  
in  (II. 4 . 23) and t r e a te d  th e  p ro p o r t io n a l i ty  a s  a  p a r a m e te r  to  be  
f ix e d . T h e  v a r ia t io n  of a w as ta k e n  f ro m  a n o th e r  n u c le a r  p r o p e r ty .
N ew ton  u s e d  th e  fa c t th a t th e  e n e rg y  s e p a ra t io n  b e tw e e n
s u b s h e lls  of th e  s a m e  o rb i ta l  a n g u la r  m o m e n tu m  JL i s  p ro p o r t io n a l  
_ 2 _
to  A and  a s s u m e d  th a t  th is  w as t r u e  fo r  th e  m e an  s e p a ra t io n  
of a ll  s u b s h e l l s .  T h e  d e n s ity  of s ta t e s  fo r  a  s in g le  p a r t ic le  to ta l
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a n g u la r  m o m e n tu m  j a t th e  F e r m i  s u r f a c e ,  w as a s s u m e d  to  b e  
p ro p o r t io n a l  to  th e  n u m b e r  of p ro je c te d  v a lu e s  of a n g u la r  
m o m e n tu m  in  th e  s u b sh e ll  in v o lv e d , i . e .  , 2j + 1, d iv id ed  by 
th e  a s s u m e d  s e p a ra t io n  of th e  s u b s h e l ls .  B e tw een  m a jo r  s h e l ls  
th e  v a lu e s  of j w e re  sm o o th e d  b e c a u s e  of th e  d is to r t io n  of th e  
n u c le a r  w e ll. A c o n s ta n t in  th e  v a lu e  of g w as d e te rm in e d  by  
a le a s t  s q u a r e s  p r o c e d u r e .  T he  m a jo r  im p ro v e m e n t of th is  
m e th o d  r e s u l t e d  f r o m  th e  f it t in g  of n u c le a r  le v e l d e n s i t ie s  c lo s e  
to  c lo s e d  s h e l l s .  U sin g  a s im p ly  p ro p o r t io n a l  to  th e  m a s s  n u m b e r 
A ^ n d  le a v in g  out th e  p o in ts  a s s o c ia te d  w ith  th e  c lo se d  s h e ll  n e a r  
le ad j su ff ic e d  to  g ive an e x p e c te d  f a c to r  of e r r o r  of th e  o r d e r  4 .4 .  
W ith  c o r r e c t io n s  fo r  s h e ll  s t r u c tu r e  in tro d u c e d  a s  d e s c r ib e d  
abo v e^ th is  w as re d u c e d  to  a  f a c to r  of 3 fo r  a l l  p o in ts .
C a m e ro n  u se d  a d if fe re n c in g  p ro c e d u re  on th e  n u c le a r  
m a s s e s  f r o m  h is  n u c le a r  m a s s  fo rm u la  to  g ive a m e a s u re  of 
th e  s in g le  p a r t ic le  s p a c in g . T h e  seco n d  d if fe re n c e  of n u c le a r  
m a s s e s ,  ch an g ed  by  th e  a d d itio n  of tw o s u c c e s s iv e  p ro to n s  o r  
tw o  s u c c e s s iv e  n e u tro n s  .w ere  e q u a te d  to  th e  p ro to n  and  n e u tro n  
s in g le  p a r t i c le  le v e l  sp a c in g s  fo r  th e  la s t  bound  p a r t ic le s  
r e s p e c t iv e ly .  T h e  d if f e r e n c e s  w e re  e v a lu a te d  at th e  b o tto m  of 
th e  v a lle y  of b e ta  s ta b i l i ty .  T h e  C oulom b t e r m s  of th e  m a s s  
fo rm u la  w e re  c o n s id e re d  i r r e l e v a n t  and o m itte d  bu t s y m m e try  
t e r m s  and a s h e ll  e n e rg y  t e r m  w e re  r e ta in e d . S ince S c h iffe r
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(Sc 60) h a s  show n th a t  th e r e  i s  r e a s o n  to  b e lie v e  th a t ev en  th e  
o r d e r  th e  b in d in g  e n e r g ie s  of c o m p le te  s u b s h e lls  found in  a 
n u c le u s  m ay  ch an g e  f r o m  n u c le u s  to  n u c le u s , i t  is  u n lik e ly  
th a t  th e  q u a n tit ie s  c a lc u la te d  by C a m e ro n  can  be in te r p r e te d  
so  d i r e c t ly .  E x a m in a tio n  of th e  t e r m s  u s e d  show s a s y m m e try  
t e r m  w hich  w ill a lw ay s  give a p o s it iv e  c o n tr ib u tio n  to  th e  
d i f f e r e n c e s ,  and th e  s h e ll  t e r m  w hich  in c r e a s e s  th e  d if f e r e n c e s  
in  th e  im m e d ia te  n e ig h b o u rh o o d  of c lo se d  s h e l l s ,  an d , in  th e  
C a m e ro n  fo r m u la ,  i s  c o n s id e ra b ly  n e g a tiv e  im m e d ia te ly  above 
c lo s e d  s h e l l s .  I t i s  not p e rh a p s  s u r p r i s in g  th a t  C a m e ro n  found 
it n e c e s s a r y  to  a l t e r  th e  p ro c e d u re  ju s t  above c lo se d  s h e l ls  w h e re  
th e  d if f e r e n c e s  b e c a m e  n e g a tiv e . F i t t in g  th e  c o n s ta n t of p r o p o r ­
t io n a li ty  by  m e an s  of le a s t  s q u a re  p ro c e d u re s  C a m e ro n  show ed  
th e  f a c to r  of e r r o r  to  be  about 1. 75. It s e e m s  p o s s ib le  th a t  an  
a tte m p t to  c o r r e la t e  th e  v a lu e  of g s im p ly  w ith  n u c le a r  m a s s e s  
in s te a d  of w ith  t h e i r  d if f e r e n c e s  w ould have  a s  m u ch  s u c c e s s .
B oth  N ew ton  and C a m e ro n  found v a lu e s  of th e  p a r a m e te r  
a  s m a l l e r  th a n  th o s e  w hich  a r e  p la u s ib le  f ro m  o th e r  e v id e n c e .
In  c o n se q u e n c e  th e  c o n s ta n t of p ro p o r t io n a l i ty  u se d  in  c o n n e c tio n  
w ith  (II. 4 . 23) m u s t be  to o  la rg e  in  b o th  c a s e s .  To in te r p r e t  
C a m e r o n ’s fo rm u la  a s  th a t  fo r  a  F e r m i  g as w ould r e q u i r e  th a t  
th e  v a lu e  of th e  m o m en t of i n e r t i a  be  about one s ix th  of th e  
r ig id  body  v a lu e . T h is  in  tu r n  w ould r e q u i r e  th a t  th e  e x p o n e n tia l
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f a c to r  in  th e  sp in  d ep en d en ce  sh o u ld  b eco m e  a p p re c ia b le  a t a 
sp in  of l e s s  th a n  th r e e  fo r  n u c le i of a to m ic  m a s s  a ro u n d  100 
and l e s s  th a n  fo u r  fo r  th o s e  a ro u n d  200. C a m e ro n  h a s  show n th a t 
fo r  th e  n u c le i t r e a t e d  on h is  a n a ly s is  th e r e  i s  no e v id en c e  fo r  a  
sp in  d ep en d en ce  m o re  c o m p lic a te d  th a n  2J + 1 fo r  any sp in  l e s s  
th a n  f iv e .
S ince  th e  v a r ia t io n s  in  th e  v a lu e  of th e  e x c ita tio n  
e n e rg y  in  th e  o r ig in a l  le v e l d e n s ity  d a ta  a r e  d ep en d en t so le ly  
on th e  v a r ia t io n  of th e  b in d in g  e n e rg y  of th e  ad d itio n a l n e u tro n , 
it  i s  not s u r p r i s in g  th a t  th e s e  a u th o rs  a r r iv e  a t low  v a lu e s  of 
th e  p a r a m e te r  a . Such a v a lu e  c o r r e s p o n d s  to  a  s lo w  ch an g e  
in  le v e l  d e n s ity  w ith  a ch an g in g  e x c ita tio n  e n e rg y , w hich  w ould 
im p ro v e  th e  f it to  th e  p a r t i c u la r  e x p e r im e n ta l  d a ta  th e y  u s e d  if  
a c o n s id e ra b le  p o r tio n  of th e  f lu c tu a tio n  in  b in d in g  e n e rg y  is  
s im p ly  f lu c tu a tio n  in  th e  c o n d e n sa tio n  e n e r g ie s  of n u c le i .
VI. 2 E x p e r im e n ts  w ith  14 M eV N e u tro n s
U sin g  th e  D -T  r e a c t io n  a  m o n o e n e rg e tic  b e a m  of 
n e u tro n s  w ith  an  e n e rg y  n e a r  14 M eV m ay  be  o b ta in e d . R e a c tio n s  
f ro m  th e s e  n e u tro n s  m ay  b e  re a d i ly  id e n tif ie d  b y  th e i r  c o in c id e n c e  
w ith  an  a lp h a  p a r t ic le  in  th e  r e a c t io n  p ro d u c in g  th e m . N e u tro n  
s p e c t r a  f r o m  re a c t io n s  in d u c ed  by  th e s e  n e u tro n s  h av e  b e e n  
s tu d ie d  by  n u m e ro u s  a u th o r s .  A m a jo r  u n c e r ta in ty  i s  in tro d u c e d  
b e c a u s e  14 MeV is  in  a l l  c a s e s  w e ll above th e  th r e s h o ld  of th e
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(n , 2n) r e a c t io n .  T he  r e s id u a l  n u c le u s  a f te r  th e  e m is s io n  of a 
f i r s t  n e u tro n  w ill th u s  in  a lm o s t a ll c a s e s  h av e  s u ff ic ie n t e n e rg y  
to  e m it a  s e c o n d  p a r t i c le .  T h is  w ill in  th e  m a jo r i ty  of c a s e s  be  
a n o th e r  n e u tro n . T he n u c le u s  th e n  re m a in in g  i s  not n o rm a lly  
s u f f ic ie n tly  e x c ite d  to  e m it a  f u r th e r  p a r t i c le .  It w ill o ften  be 
le f t  in  th e  e n e rg y  re g io n  w h e re  th e r e  i s  a c o n s id e ra b le  c o n ­
d e n sa tio n  e n e rg y  in  so m e  n u c le i and  th u s  w h e re  c o n s ta n t 
te m p e r a tu r e  a p p ro x im a tio n s  m ay  be e x p ec te d  to  be  u s e fu l .  It 
i s  th u s  by no m e a n s  c l e a r  p r e c is e ly  w hat s p e c tru m  sh o u ld  be 
u s e d  to  d e s c r ib e  th e  sec o n d  p a r t ic le  e m is s io n  f ro m  th e  e x c ite d  
n u c le u s .
In  s e v e r a l  e le m e n ts  it  h a s  r e c e n t ly  b eco m e  p o s s ib le  
to  c o m p a re  s p e c t r a  f ro m  low  e n e rg y  (n, n ')  r e a c t io n s  and  th o s e  
o b ta in ed  f r o m  14 MeV n e u tro n s . T h e se  a r e  c o m p a re d  in  T a b le  13. 
F r o m  th is  ta b le  i t  w ill be  s e e n  th a t  th e  s p e c t ru m  fo r  th e  seco n d  
e m itte d  n e u tro n  i s  not a d e q u a te ly  d e s c r ib e d  fo r  a ll  n u c le i by  any 
s im p le  a p p ro x im a tio n . F o r  th is  r e a s o n  th e  r e s u l t s  o b ta in ed  f ro m  
th e  d a ta  by  s im p le  a n a ly s is  a r e  s u s p e c t .
P e rh a p s  th e  m o s t e x h a u s tiv e ly  a n a ly se d  w o rk  of th is  
ty p e  i s  th a t  of G ra v e s  and R o sen  (G r 53). T h is  h a s  b e e n  s tu d ie d  
in  d e ta i l  by L e  C o u te u r  (Le 53), T o m a s in i (To 54) and  by  
R o sen  and S te w a rt (Ro 53). In  T a b le  14 th e  v a lu e s  of th e  
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d a ta  t r e a t e d  a s  a one s ta g e  e v a p o ra tio n  s p e c t r u m , and ^   ^ (Ro 53)
fo r  th e  f i r s t  n e u tro n , if  th e  seco n d  n e u tro n  s p e c tru m  is  re m o v e d
2 {aXJ
a s s u m in g  a n u c le a r  le v e l  d e n s ity  of th e  fo rm  uj (U) = A e 
T he  v a lu e s  of a d e r iv e d  by  L e  C o u te u r  and L an g  (Le 59) f ro m  
c o n s id e ra t io n  of a ll  th e  th e o r e t ic a l  t r e a tm e n ts  a r e  a lso  q u o ted .
h a s  b e e n  t r e a te d  u s in g  th e  m eth o d  d ev e lo p ed  by L e  C o u te u r  
(Le 52), a r e  th o s e  of Se H ee A hn and J .N .  R o b e r ts  (Se 5 7) on 
z ir c o n iu m , and of R o sen  and  S te w a rt (Ro 57) on ta n ta lu m  and 
b is m u th .
T he te m p e r a tu r e  fo r  th e  e m is s io n  of th e  f i r s t  n e u tro n  
f ro m  z irc o n iu m  is  0. 99 M eV c o r re s p o n d in g  to  a  v a lu e  of a of 
14. 8 - 3 .6  M eV  ^ . F o r  ta n ta lu m  a te m p e r a tu r e  of 0. 95 MeV 
g iv es  a  = 15. 9 - 3 . 2  M eV -  ^ and fo r  b is m u th  1. 05 M eV g iv es
in  T a b le  15. T he p lo ts  sh o u ld , a c c o rd in g  to  th e  Le C o u te u r
in s te a d  of E  . T h is  is  im p o s s ib le  to  d ec id e  in  th e  e x p e r im e n ta l  
r e s u l t s  of W h itm o re  and D en n is  (Wh 51) and  in  th o s e  of O ’N e ill 
(O 'N  54). It s e e m s  th a t  th e  c o m p le te  a n a ly s is  of 14 MeV d a ta  
m u s t w ait on enough e x p e r im e n ts  of th e  ty p e  to  be  d is c u s s e d  in
O th e r  e x p e r im e n ts ,  in  w hich  th e  tw o n e u tro n  s p e c t r u m
a = 1 3 .0  - 2 .6  M eV 1.
O th e r  v a lu e s  of th e  te m p e r a tu r e s  d e r iv e d  f ro m  a p lo t 
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s e c t io n  3. W hen th e  low  e n e rg y  s p e c t r a  a r e  know n w ith  su ff ic ie n t 
a c c u ra c y  th e n  th e  s p e c t r a  of se c o n d  n e u tro n s  m ay  be re m o v e d  
and th e  s p e c t r a  of th e  f i r s t  n e u tro n s  e m itte d  m ay  be  o b ta in ed  
u n a m b ig u o u s ly .
VI. 3 In e la s t ic  S c a t te r in g  of N e u tro n s  B elow  th e  N e u tro n  
B ind ing  E n e rg y
P u ls e d  b e a m s  of n e u tro n s  of a d e fin ite  h igh  e n e rg y  
to g e th e r  w ith  tim e  of flig h t te c h n iq u e s  m ake  p o s s ib le  th e  m e a s u r e ­
m en t of s p e c t r a  f r o m  th e  e n e la s t ic  s c a t te r in g  of n e u tro n s . T h e s e  
s p e c t r a ,  ta k e n  w h e re  ( n ,n ')  i s  th e  f a s te s t  c o n tr ib u tin g  p r o c e s s ,  
a r e  c o m p lic a te d  only  b y  th e  p r e s e n c e  of d i r e c t  in te r a c t io n  
p r o c e s s e s  fo r  th e  h ig h e r  e n e rg y  n e u tro n s  and  by  th e  r e s o lu t io n  
of a c tu a l le v e ls  in  th e  r e s id u a l  n u c le u s .
know n o r  c a n  b e  re a s o n a b ly  a p p ro x im a te d  a s  a  fu n c tio n  of E ,  
th e  e m is s io n  e n e rg y , th e n  a  p lo t of N (E ), th e  n u m b e r  of n e u tro n s
1
a g a in s t  E sh o u ld  y ie ld  a  s t r a ig h t  l in e  w hose s lo p e  i s  s in c e
n u m b e r  of p o s s ib le  s ta t e s  of th e  r e s id u a l  n u c le u s , a f te r  the  
e m is s io n  of a  p a r t i c le  w ith  k in e tic  e n e rg y  b e tw ee n  E  and  E + dE 
f r o m  th e  com p o u n d  n u c le u s .
F o r  a  n u c le u s  of s m a l l  a n g u la r  m o m e n tu m  and n e u tro n s  
of e n e rg y  l e s s  th a n  2 M eV it  i s  u n lik e ly  (Be 5 7) th a t  th e  n e u tro n
If th e  c r o s s  s e c t io n  fo r  th e  in v e r s e  p r o c e s s  i s
e m itte d  in  a g iven  e n e rg y , in  th e  fo rm  lo g  e E  (T^(E)
th e  q u a n tity dE is  a  d i r e c t  m e a s u re  of th e
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i s  e m it te d  w ith  an  o rb i ta l  a n g u la r  m o m e n tu m  g r e a te r  th a n  tw o . 
T h u s  th e  v a lu e s  of J  and M a r e  u n lik e ly  to  ch an g e  by  m o re  th a n  
2 \ .  If b o th  th e  le v e l  d e n s i t i e s ,  (II. 3. 22) fo r  a ll  s t a t e s ,  and 
(II. 4. 23) fo r  le v e ls  of a  c o n s ta n t v a lu e  of J  a r e  s p e c ia l  c a s e s  
of th e  fo rm u la
UÜ (U) = A exp [2  \la ijJ  / (U + t ) r  (3. 1)
th e n  th e  v a lu e  of r  i s  l ik e ly  to  l ie  b e tw ee n  th e  v a lu e  5 /4  fo r  
(II. 3. 22) an d  th e  v a lu e  2 a p p ro p r ia te  to  ( I I .4 . 23). T h en  V  i s  
g iven  by
1 = 1 _ r






U + t 
~ 2  ( 1 + U + t
(3 .3 )
If t^ the  th e rm o d y n a m ic  te m p e ra tu re ^ is  e q u a te d  to  'tr and  th e  
th i r d  t e r m  in  th e  e x p an s io n  of th e  r ig h t hand  s id e  of (3. 3) is
n e g le c te d
1
a  = “ 9
V 2
U 2 r + 1 --  + ■ (3 .4 )
T h e  v a lu e  of U to  be p la c e d  in  th is  fo rm u la  i s  th a t  w h e re  'l i s  
m e a s u r e d .  T h is  w ill n o rm a lly  b e  th a t of th e  a v e ra g e  e n e rg y  of 
th e  r e s id u a l  n u c le u s . F o r  b o m b a rd m e n t w ith  n e u tro n s  of 
e n e rg y  U Q, U = U G - 2 X. • If a c o n d e n sa tio n  e n e rg y  A  i s  to  be
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s u b tr a c te d  fo r  p a ir in g  e n e rg y  o r  ev en  fo r  s h e ll  e n e rg y  
U 0 - A  2r - 1
C
+ r (3 .5 )
T a b le  16 p r e s e n ts  th e  a n a ly s is  of d a ta  f ro m  e le m e n ts  in  w hich  
only  one m e a s u re m e n t  of X  f r o m  in e la s t ic  n e u tro n  s c a t te r in g  
i s  a v a i la b le ,  a c c o rd in g  to  e q u a tio n  (3. 5)
T h e  e r r o r  of v a lu e s  of a in  T a b le  16 w ill be  of th e  
o r d e r  of -  22%. T h is  w ill be  co m p o se d  of an  e r r o r  of th e  o r d e r  
10% in  th e  v a lu e  of X  to g e th e r  w ith  an  e r r o r  of th e  o r d e r  0. 5 M eV 
in  th e  in d iv id u a l v a lu e  of A . T h e  e r r o r  on th e  v a lu e  ta k e n  fo r  
r  i s  e x p e c te d  to  be  s y s te m a t ic ,  i . e .  , th e r e  sh o u ld  be  un ique  
v a lu e  of r .
In  a d d itio n  to  th e  e le m e n ts  in  w hich  one v a lu e  h a s  b e e n  
found fo r  X  th e r e  a r e  s e v e r a l  e le m e n ts  fo r  w h ich  th e r e  a r e  a 
ra n g e  of v a lu e s  of X  fo r  d if f e re n t  e x c ita tio n  e n e r g ie s .  T h e se  
a r e  d e r iv e d  f r o m  th e  w o rk  of C ra n b e rg  and L e v in  (C r 56), E w ing  
and B o n n e r  (Ew 60 ), V in cen t and  c o l la b o r a to r s  (Vi 60) and  of 
T h o m so n  (T h 60) and  a r e  g iv en  in  T ab le  17.
T h e  r e s u l t s  fo r  15 e le m e n ts  h av e  b e e n  p lo tte d  in  
f ig u r e s  23 , 24 and 25 in  th e  fo rm
u - A  + 2 t  ~  X 2 .
T h is  sh o u ld  y ie ld  s t r a ig h t  l in e s  p a s s in g  th ro u g h  th e  o r ig in  of 
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F ig s .  23 , 24 , and  25. P lo ts  f o r  f i f te e n  e le m e n ts  of th e  d a ta  f ro m
in e la s t ic  s c a t te r in g  of n e u tro n s .  T he 
d a ta  i s  p lo tte d  in  th e  fo rm  \J -  A  ^




S C A  LE.
10.0 uur-A[i
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c a s e s  i t  i s  p o s s ib le  to  d ra w  a s t r a ig h t  l in e  s a t is fy in g  th is  c o n d itio n . 
In  so m e  c a s e s  h o w e v e r , su ch  a s  c a d m iu m  and t in  a b e t t e r  f it  to  
th e  d a ta  g iv e s  a  q u ite  d if fe re n t v a lu e  fo r  A  and  of th e  s lo p e  
of th e  s t r a ig h t  l in e .  In  T a b le  18 th e  v a lu e s  of a  d e r iv e d  f ro m  
th e  s lo p e  of l in e s  th ro u g h  th e  o r ig in  an d , w h e re  th ey  w e re  
d e r iv e d  an  a l te rn a t iv e  v a lu e  a n of a  and  th e  a s s o c ia te d  e x t r a  
c o n d e n sa tio n  e n e rg y  A n a r e  g iv en . A n e g a tiv e  v a lu e  of th e  
q u an tity  w ould  fo llo w  f ro m  th e  t r e a tm e n t  of p a ir in g  e n e rg y  
in  s e c t io n s  (II. 3 , (II. 4) and  (II. 5) .
F o r  c o m p a r is o n  p u rp o s e s  th e  v a lu e s  of a fo r  t  = 0 (a ),
t  = 1 (a-^), t ---- ^ ( a ^  ), g iven  by C a m e ro n ’s (Ca 58) fo rm u la
fo r  le v e l  d e n s i t ie s  a r e  in c lu d e d , and a r e  s e e n  to  be  to o  s m a l l .
It i s  a p p a re n t f ro m  f ig u r e s  23, 24 and  25 th a t  th e  m o d e l 
d is c u s s e d  a p p e a rs  to  b e  v a lid  fo r  e le m e n ts  not c lo se  to  a c lo s e d  
s h e ll  c o n f ig u ra tio n . T h e  v a lu e s  of a  h o w e v e r , show  a s t ro n g  d ip  
n e a r  a c lo s e d  s h e ll  (f ig u re  26) and th e r e  i s  so m e  e v id en c e  f ro m  
th a l l iu m  and  c e r iu m  to  fa v o u r  a c o n s ta n t v a lu e  of X  at low  
e x c ita tio n  e n e r g ie s .  S in ce  th e  v a lu e s  of X  a r e  m o re  s e n s i t iv e  
th a n  le v e l  d e n s ity  c o u n ts  o v e r  a s m a l l  ra n g e  of e n e rg y  to  th e  
p r e c is e  fo r m  of a  co n tin u o u s  a p p ro x im a tio n  to  th e  le v e l  d e n s i ty ,  
it  i s  of so m e  in te r e s t  to  t r y  and  t e s t  th e  su g g e s tio n  in  s e c t io n  III . 7 
th a t  th e  e f fe c ts  on le v e l  d e n s ity  a s s o c ia te d  w ith  s h e ll  s t r u c tu r e  
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d e r iv e d  f r o m  th e  b in d in g  e n e r g y  of th e  g ro u n d  s t a t e .
U s in g  th e  G o r t e r - C a s i m i r  th e rm o d y n a m ic  fu n c tio n s  
(Go 34) th e  c o n d e n s a t io n  e n e rg y  i s  e x a c t ly  one t h i r d  of th e  e n e rg y  
of th e  s e c o n d  o r d e r  t r a n s i t i o n .  U s in g  th e  BCS th e o r y  t h i s  r a t io  
i s  1 : 3. 2. A s im p le  s e t  of fu n c tio n s  can  be  d e r iv e d  in  w hich 
th e  e x c i ta t io n  e n e rg y  i s  a  f ix ed  p o w e r  n of th e  t e m p e r a t u r e .  H e r e ,  
b e lo w  th e  t r a n s i t i o n  e n e rg y
In th e s e  th e  r a t i o  of th e  c o n d e n s a t io n  e n e rg y  to  th e  e x c i ta t io n  
e n e rg y  of th e  t r a n s i t i o n  i s  (n - 2) : 2(n - 1).
(3 .6 a )
(3 .6 b )
(3 .6 c )
Above th e  t r a n s i t i o n  e n e r g y
(3. 7a)
S = 2 at (3 .7 b )
F  = - a t^  + (1 -  — ) at ^
n 7 c (3. 7c)
B o th  th e  s im p le s t  F e r m i  G as t r e a t m e n t  and th e  G o r t e r -
C a s i m i r  fu n c tio n s  a r e  s p e c ia l  c a s e s  of (3 .6 ) .  If th e  le v e l
d e n s i ty  fu n c tio n  i s  of a  f o r m  s i m i l a r  to  (3 .1 )
10 (U) = A U
- r exp (m  U
1 - M
(3 .8)






th e  v a lu e  of r* su ch  th a t t  and T' a r e  b o th  co n tin u o u s  a t th e
t r a n s i t io n  p o in t w ill b e  g iv en  by 
2 (n - 1 )
r l = r  -------  ,n *
s in c e  th e  v a lu e s  of U to  b e  u s e d  above and be lo w  th e  t r a n s i t io n
(3. 10)
d if fe r  by  th e  v a lu e  of th e  c o n d e n sa tio n  e n e rg y . T he  h ig h e r  
v a lu e  of r  m ay  be  q u a li ta tiv e ly  a s s o c ia te d  w ith  (say ) th e  v a r ia b le
m o m en t of i n e r t i a  in  th e  c o n d en se d  s ta te .  It fo llow s th a t 
\  .1 -  £
f 1 + r T \
(3 .1 1 )
 -  \  ^  o
J lX  ( ^ y
„ 2  S  2f t  2 1 - 1«.
^  (2 -  n) (1 - n )
yU  is  th e  c o n d e n sa tio n  e n e rg y  of th e  n u c leu s  in  i t s  g ro u n d  s ta t e .  
T h en
d r  ~ r 2 ( —L - r ' tn ~ 1)
L ( nUZ - tt5 )d u nU 2
(3 .1 2 )
and w ill b e  a  m in im u m  w hen
Z  = U / O '  (n - 1)] .
T he m in im u m  v a lu e  of H  w ill be  r e la te d  to  a  by
3
(3 .1 3 )
(n - 2) (n - 1) 
n
V,
a " ------- —2------------
r  O  (n -  l ) 2 (n - 2)
4 r
W hen n = 2 th i s  y ie ld s  a  = 7— .
T h u s a  i s  ro u g h ly  <xr^ 2 P w h e re  p = \  and oC i s
a  p u re  n u m b e r  d ep en d in g  on ly  on p . F o r  p g r e a te r  th a n
(3 .1 4 )
- 158 -
oi m ay  b e  ta k e n  a s  4 i  fo r  s im p le  c a lc u la t io n s .  T h u s  if  V  
e x h ib its  a  f a i r ly  c o n s ta n t v a lu e  in  so m e  ra n g e  of e x c ita tio n  it 
i s  w o rth  in v e s t ig a t io n  w ith  a  re a s o n a b le  v a lu e  of yU w h e th e r  
th is  i s  c o n s is te n t  w ith  a  v a lu e  of a  d e r iv e d  f r o m  a sm o o th e d  
c u rv e  ta k in g  no acco u n t of c lo se d  s h e l l  n u c le i ,  and a s s u m in g  
th e  c o n s ta n t v a lu e  of X  i s  c lo s e  to  th e  m in im u m . T h u s fo r  
th a l l iu m  e x p e r im e n ta l ly  th e  v a lu e  of X sh o u ld  b e  about 0. 75 M eV. 
A ssu m in g  r  = , p = 5 , and ^  -  4 M eV g iv es  a  = 16 M eV
W ith p = i ,  a  -  1 6 .5  M eV -  ^ . T h e  m in im u m  v a lu e  of X  w ould 
n eed  to  be  lo w e re d  to  0. 60 b e fo re  th e  v a lu e  of a w ould b e c o m e  
re a s o n a b ly  c lo s e  to  th a t  found fo r  n e ig h b o u rin g  n u c le i not 
in f lu e n c e d  by  th e  c lo s e d  s h e l l .  It i s  th u s  a p p a re n t th a t  th e  v a lu e s  
of a at any  r a te  fo r  low  e n e rg y  w o rk  sh o u ld  be  a s s u m e d  to  be 
low  in  th e  n e ig h b o u rh o o d  of c lo s e d  s h e l l s .
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V II. CONCLUSIONS
T he d is c u s s io n  of r e s u l t s  in  th e  p re v io u s  th r e e  c h a p te r s  
h a s  c e n tr e d  on th e  is o la t io n  of a p a r a m e te r  a  ^w hich  sh o u ld  b e a r  
so m e  r e la t io n  to  th e  d e n s ity  of s in g le  p a r t ic le  le v e ls  in  a  sh e ll  
m o d e l of th e  n u c le u s .
T h e  r e s u l t s  o th e r  th a n  th o s e  f ro m  th e  le v e l c o u n ts  a t 
th e  n e u tro n  b in d in g  e n e rg y  a lre a d y  show n in  f ig u re  21 a r e  show n 
in  f ig u re  26. A lso  in c lu d e d  a r e  tw o p o in ts  b a s e d  on f is s io n  
s p e c t r a  of n e u tro n s  (Te 59).
It i s  s e e n  th a t th e  v a lu e s  show  a s y s te m a tic  t r e n d  w ith  
m a s s  n u m b e r . T h is  in c lu d e s  a d ip a t th e  c lo se d  s h e ll  n u c le i , 
w h ich  c a n  be r e a d i ly  e x p la in e d  in  t e r m s  of s h e ll  s t r u c tu r e ,  as  
a r i s in g  f ro m  th e  p a r t i c le s  h av in g  to  be  e x c ite d  a c r o s s  an  e n e rg y  
gap b e tw e e n  s h e l l s .
It i s  ev id en t th a t  th e  r e s u l t s  of m o s t e x p e r im e n ts  c a n  
be s a t i s f a c to r i ly  e x p la in ed  by th e  s t a t i s t i c a l  m o d e l w h e re  th e r e  
i s  an  u n am b ig u o u s  p r o c e s s  of one of th e  ty p e s  to  w hich  th e  m o d e l 
sh o u ld  a p p ly . In p a r t i c u la r  i t  i s  p o s s ib le  to  a s s ig n  in  m o s t 
e x p e r im e n ts  a  v a lu e  of a  w hich  is  c o n s is te n t  f ro m  e x p e r im e n t 
to  e x p e r im e n t .  T he n eed  fo r  m o re  d e ta i le d  a n a ly s is  of c h a rg e d  
p a r t ic le  s p e c t r a ,  p r e f e r a b ly  a t s o u r c e ,  i s  h o w e v e r e v id e n t.
T h e  m o s t e a s i ly  h a n d led  d a ta  i s  th a t  f ro m  th e  in e la s t ic  
s c a t te r in g  e x p e r im e n ts ,  and i t  is  to  be  hoped  th a t f u r th e r  e x p e r i-
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F ig .  26. T he  v a lu e s  of a  d e r iv e d  f r o m  e x p e r im e n t s  o th e r  
th a n  le v e l  d e n s i ty  co u n ts  at th e  n e u t ro n  b in d in g  
e n e r g y .  T he  d a ta  i s  d iv ided  in to ,  c h a r g e d  p a r t i c l e  
r e a c t i o n s  El , in e la s t i c  n e u tro n  s c a t t e r i n g  A  , 
h igh  e n e r g y  n e u t ro n  c a s c a d e s  •  , and o th e r  n e u t ro n  
d a ta  0  . F o r  c o m p a r i s o n ^  c u rv e  of th e  v a lu e  




m e n ts  of th i s  ty p e  w ill be  u n d e r ta k e n , to  g ive a  c o m p le te  c o v e ra g e  
of m o s t n u c le i th ro u g h  a ra n g e  of e n e rg ie s  and e s p e c ia l ly  of 
n e ig h b o u rin g  n u c le i w h e re v e r  in te r e s t in g  e f fe c ts  a r e  o b s e rv e d . 
M o re  c o m p le te  d a ta  i s  n eed ed  e s p e c ia l ly  to  show  w h e th e r  low  
e n e rg y  c o n d e n sa tio n  e f fe c ts  o th e r  th a n  s h e ll  e f f e c t s ,  a r e  b e s t  
d e s c r ib e d  b y  th e  co u p lin g  of p a i r s  d e s c r ib e d  in  th e  e a r ly  s e c t io n s  
of C h a p te r  I I I ,  o r  th e  s u p e rc o n d u c to r  th e o ry  of th e  f in a l s e c t io n s .
It i s  p a r t i c u la r ly  s a t is fy in g  th a t th e r e  i s  a g re e m e n t 
b e tw ee n  th e  v e ry  h ig h  e n e rg y  d a ta  of G ro s s  and th e  low  e n e rg y  
n e u tro n  e x p e r im e n ts ,  In th is  f ie ld  i t  w ould be  of c o n s id e ra b le  
i n te r e s t  to  h av e  su ch  an  e x p e r im e n t a s  th a t of G ro s s  c a r r i e d  out 
u s in g  t a r g e t  n u c le i ju s t  above a c lo s e d  s h e l l .  T h is  w ould y ie ld  
d a ta  on how  h ig h  in  e n e rg y  c lo se d  s h e l l  e f fe c ts  a r e  n o tic e a b le .
T h e re  i s  o b v io u sly  ro o m  fo r  f u r th e r  w o rk  on th e  
e x p e r im e n ts  r e la t in g  a c tu a l  c o u n ts  of le v e l d e n s i t ie s  to  s t a t i s t i c a l  
m o d e l p r e d ic t io n s .  It m ay  b e  of c o n s id e ra b le  i n t e r e s t  to  c o m p a re  
th e  r e s u l t s  of e x p e r im e n ts  w hich  show  only  le v e ls  of a p a r t i c u la r  
sp in  w ith  th o s e  show in g  e s s e n t ia l ly  a ll  le v e l s .  S uch  e x p e r im e n ts ,  
m e a s u r in g  a q u a n tity  c lo s e ly  r e la te d  to  th e  m o m e n t of in e r t i a  
d i r e c t ly ,  m ay  p ro v id e  g ro u n d s  fo r  d e c is io n  b e tw e e n  fo rm s  
a s s u m e d  fo r  th e  v a r ia t io n  of th is  q u an tity  w ith  e x c ita tio n  e n e rg y .
It i s  s a fe  to  p re d ic t  th a t  a  c o m p le te  th e o r y  of n u c le a r  
r e a c t io n s  m u s t a g re e  w ith  th e  s t a t i s t i c a l  th e o ry  f o r  th e  m a jo r i ty
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of p a r t i c l e s  e m it te d  f r o m  n u c le i .  T h is  c o n c lu s io n  is  not a lw ay s  
a p p a re n t f r o m  in d iv id u a l e x p e r im e n ts .  It i s  th u s  n e c e s s a r y  and 
w ill co n tin u e  to  be  so  to  g a th e r  r e s u l t s  to g e th e r ,  of th e  ty p e  
d is c u s s e d  in  th i s  t h e s i s ,  in  o r d e r  to  e v a lu a te  s t a t i s t i c a l  p a r a m e te r s
of th e  m a jo r i ty  of n u c le i .
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